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Thesis 

Outline 
•  Introduction 

–  standard NIMROD implementation 
–  interchange 

•  Improvements based on 1D analysis 
–  expansion sensitive to divergence 
–  penalty-method application 

•  Progress on 2D analysis 
–  bases for first-order systems 
–  results for uniform-B0 systems 

•  Conclusions 

Ideal-MHD eigenvalue analysis of 1D and 2D spectral 
elements offers an improved approach to primitive-variable 
extended-MHD computation. 



Progress on 2D analysis: Many requirements for a 2D 
spectral-element implementation of the new method have 
been developed. 
•  The first step is recognizing the different nodal meshes in an element.	


•  This sketch of a lowest-order quadratic/linear element shows basis vectors 
at their node locations. 

•  Circles are locations of continuous perpendicular components (          ). 
•  Diamonds are nodes of scalars (discontinuous nodal), or scalars may 
have modal expansions that have no nodes. 
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NIMEIG is an implementation to test new 2D spectral-el. / 1D 
Fourier bases prior to time-dependent computation.  
•  Mesh generation for structured arrangements of quadrilaterals has 
been developed. 

•  Data structures and mathematical operators have been developed for 
the new vector expansion and for continuous and discontinuous scalars. 

•  A routine to map element DOF to global algebraic-system (matrix) 
components has been implemented. 

•  Simplified PDE systems have been implemented for benchmarking: 

•  Second-order in time scalar wave equation (one dependent field). 

•  First-order acoustic wave equation (p, V). 

•  First-order ideal MHD with uniform background B. 

•  Like CYL_SPEC, NIMEIG uses LAPACK to solve the eigenmode 
problems.	




Spectra for a box with a single Fourier component along B0 
in the z-direction produce fast, slow, and Alfvén modes.  

•  The Alfvén frequency is ωA=7 and the sound accumulation is ωS=4.04. 
•  Post-processing separates different modes by wavenumber (2πny /1.7) 

in the periodic coordinate of the plane with finite-element representation. 
•  This computation has a 2×2 mesh of elements with bicubic 

representation for scalars and quartic/cubic representation for vectors. 



The four zero-frequency modes in this spectrum result 
from a high-order red-black mode for the scalar fields. 

The 3rd slow mode for 
ny=1 is accurate and 
scalars are continuous 
across element borders.  
[p and in-plane V comps 
shown.] 

Pressure in one of the 
zero-frequency modes is 
discontinuous and 
averages to zero at an 
interior grid vertex. 

The second zero-ω 
pressure mode is a 
shifted version of the 
first.  [Mesh is periodic in 
the vertical direction.] 

•  Filtering this red-black pressure mode should be possible. 



Reorienting the finite-element/Fourier representation to put 
B0 in the FE plane allows multiple parallel wavenumbers.  

•  Alfvén frequencies are 7ny, and sound accumulations are at 4.04ny. 
•  This computation has a 2×2 mesh of elements with bicubic 

representation for scalars and quartic/cubic representation for 
vectors. 

•  The analytical system allows zero-frequency modes at ny=0. 



The zero-frequency results can be linear combinations of 
the high-order red-black mode and ny=0 in this case. 

The 2nd fast mode for ny=1 is 
accurate, and pressure is 
continuous across element borders. 

One of the zero-frequency modes is 
a superposition of ny=0 and 
pressure discontinuity. 

•  Red-black filtering is expected to ameliorate the problematic behavior 
in this configuration, also.  



Using a circular-polar mesh with B0 in the Fourier direction has 
difficulty producing m=1 vectors that are nonzero at the axis. 

•  This computation has a 2×4 mesh of curved elements with bicubic 
representation for scalars and quartic/cubic representation for vectors. 

•  The implementation of the degenerate point in the mesh includes a 
transformation to account for             varying in the azimuthal direction.  

•  Tests with different scalar expansions have not helped so far. 

Overall, the spectrum is again similar to box-
geometry result. 

Vectors (B shown) in 
the low-ω m=1 have 
incorrect r-dependence. 
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Next steps with NIMEIG include … 

•  Incorporating the complete ideal-MHD system for nontrivial equilibria 
and the parallel-vorticity penalty equation, 

•  Completing the element-to-global matrix relations for changes in basis 
vectors between adjacent elements, 

•  Meshing to handle circular cross sections without a degeneracy in the 
mesh, 

•  Coupling to SCALAPACK or other parallel eigenvalue solvers for larger 
systems, and 

•  Technology transfer to NIMROD if or when results are sufficiently 
promising. 



Conclusions 
•  Avoiding numerical ideal-MHD destabilization with spectral 
elements requires attention to flow-divergence and bending. 

•  1D eigenmode analysis (CYL_SPEC) shows no numerical 
destabilization from the new mixed-degree JA⋅∇ui expansion with 
parallel-vorticity penalty and hyperbolic ∇⋅B control. 

•  A number of other methods including reduced continuous V, 
discontinuous lower-order scalars, and finite-element 
“stabilization” methods do not avoid numerical destabilization 
without introducing 0-frequency modes. 

•  NIMEIG is being developed for testing 2D elements for NIMROD 
and may become a production eigenmode solver. 

•  There are red-black modes, which can be filtered. 

•  Mesh degeneracy is problematic, but it should not be 
necessary with the new implementation. 


