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Motivation

In Reversed-Field Pinches (RFP) magnetic relaxation is an important,
nonlinear process involving macroscopic dynamics and multiple time
scales.

Previous single-fluid resistive-MHD modeling of relaxation successfully
describes the RFP dynamo process and long-wavelength mode
spectrum.

Measurements in the Madison Symmetric Torus (MST) RFP indicate
effects beyond single-fluid MHD modeling are significant.

Laser polarimetry measurements [core, Ding 2004] and probe
measurements [edge, Kuritsyn 2009] indicate the
fluctuation-induced Hall-dynamo emf is large.
The force from the Maxwell stress associated with the
Hall-dynamo emf, along with a fluctuation-induced force from the
Reynolds stress impact momentum transport. [Kuritsyn 2009]



Roadmap: Our study has three aspects.

Linear tearing-mode studies with a first-order
finite-Larmor-radius (FLR) model:

In plasma pinches drifts from ∇B and poloidal curvature
can have a stabilizing impact on tearing.
See King et al. Phys. Plasmas 2011

Nonlinear two-fluid single tearing-mode evolution

With warm ions, the saturated island width is reduced at
relevant parameters.

Two-fluid multi-mode computations

Given modeling caveats, comparisons show similarities
between MST RFP measurements and computations:

RFP dynamo (poloidal→ toroidal flux conversion with
significant impact from the Hall term),
fluctuation-induced mean forces, and
momentum transport.



Model description
Computations use the unreduced extended-MHD fluid model in
the NIMROD code.
The model is composed of a particle-continuity, momentum,
adiabatic-energy and a magnetic-induction equation.



Magnetic evolution in our modeling is governed by a
first-order FLR Ohm’s law.

Generalized Ohm’s Law

E = −v ×B + J×B/ne−∇pe/ne+ ηJ + me
ne2

∂J
∂t

The Hall term captures the effect of perpendicular fluid
decoupling as J/ne = vi − ve.
We study cases in the experimentally-relevant regime,
where the resistive term dominates the contribution from
electron inertia. (collisional/semi-collisional regimes)



Warm-ion computations include a fluid ion
gyroviscosity.

Momentum Equation

min
dv
dt = J×B−∇p−∇ ·Πgv −∇ · νminW

=

Πgv = (pi/4ωci)
[
b̂×W ·

(
I + 3b̂b̂

)
−
(
I + 3b̂b̂

)
·W × b̂

]
b̂ = B/ |B|
G.V. is only important with a warm ion population (∼ Ti).
Two types of cases: warm-ion (Ti = Te) and cold-ion
(Ti = 0), at constant β (= 0.1).



1. Single tearing-mode studies



We study core-resonant small-∆′ m = 1 tearing in a
pinch profile.

The paramagnetic-pinch equilibrium is used.
With fluctuations this equilibrium would relax to a state with
q (a) < 0 and become an RFP.
There is no equilibrium pressure gradient - thus no
diamagnetic effects.

r/ a r/ a



Our studies examine tearing from the single-fluid-MHD
limit to the electron-MHD regime in cylindrical pinch
profiles.

Our linear cases scan the ion sound gyroradius,
ρs

(
=
√

Γβ/2di

)
, by varying the ion skin depth, di, and

holding other parameters fixed (S = 8× 104, β = 0.1).
When ρs is larger than the tearing-layer width, decoupling
(two-fluid effects) increases the growth rate. [Drake & Lee
1977, Zakharov & Rogers 1992]



Our linear parameter scan shows three regimes.
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Observation: In plasma pinches drifts from ∇B and
poloidal curvature have significant impact on tearing.

(a) Tokamak-like equilibrium (b) RFP-like equilibrium

Unlike tokamaks, pinch configurations have flux surfaces
that are roughly aligned with the dominant ∇B and
curvature drifts.



Analysis of gyroviscous contributions to the
parallel-vorticity equation provides insight into the
warm-ion drift regime.

Parallel-vorticity Equation

iωmin0Ũ = −v0 · ∇Ũ +B0 (B0 · ∇)
J̃‖
B0

+B0

(
B̃ · ∇

)
J‖0
B0

+2b̂0 × κ0 ·
(
∇p̃+∇ · Π̃

)
− b̂0 · ∇ ×∇ · Π̃

A stress tensor force makes two contributions:

Direct contribution: −b̂0 · ∇ ×∇ · Π̃,
Curvature contribution: 2b̂0 × κ0 · ∇ · Π̃.

We consider only the intermediate drift regime, and neglect
KAW effects.



∇B and curvature contributions from Π̃gv produce a
drift effect in the parallel-vorticity equation.

The RFP has significant magnetic poloidal curvature and ∇B unlike
large-aspect-ratio tokamaks.

(γ − iω∗gv)φ̃′′ = −v2Aik′‖sxψ̃
′′

ω∗gv =
k⊥
min0

pi0
ωci0

(
3

2

b20θ
r
− B′0
B0

)
= k⊥fTiβdivA

(
3

2

b20θ
r
− B′0
B0

)
.

Tearing ordering of derivatives of the streamfunction accordingly for a
small aspect ratio is applied:

kl << 1 where l ∼ x ∼ ε is the layer width and ε << 1
Thus φ̃ ∼ O (1), φ̃′ ∼ O

(
ε−1

)
, φ̃′′ ∼ O

(
ε−2

)
etc.

Combining the parallel-vorticity equation with a resistive MHD Ohm’s
law produces a heuristic dispersion relation without KAW effects:

⇒ γ4 (γ − iω∗gv) = γ5MHD

See King et al. PoP 2011.



The heuristic dispersion relation exhibits the stabilizing
behavior of our computations.

S = 106

Pm = 10−3



2. Nonlinear island saturation
We examine the self-consistent nonlinear evolution and
saturation of a single tearing mode.



Our nonlinear, single-helicity computations show a
Rutherford phase prior to saturation.

cold ions

warm ions

w
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This mode (kρs = 0.17) is resonant at rs = 0.35a and is
equivalent to an RFP core-resonant mode.



The cold-ion saturated width is invariant of kρs,
however the warm-ion saturated width is reduced at
experimentally-relevant kρs values.

kρs S W/a (cold) W/a (warm)
single fluid 5000 0.36

0.035 5000 0.36 0.36

0.17 5000 0.36 0.24

0.17 8× 104 0.36 0.24

0.70 5000 0.36 0.21

For an analytic discussion of this invariance of the cold-ion
saturated width in terms of the insensitivity of Ohmic
equilibria to the generalized Ohm’s law, see Cappello et al.
NF 2011.
The saturation width is independent of Lundquist and
Prandtl number for these configurations.



The phase of the ion flow relative to the magnetic
island is shifted with warm ions.

(a) Cold ions (b) Warm ions

The characteristic tearing-mode flow structure is no longer
present as the electrons, not the ions, advect the magnetic
flux in these two-fluid cases. (kρs = 0.17)



In warm-ion cases that saturate at a smaller island
width, the ion-gyroviscous force does not vanish.

r/ a

(a) Cold ions, kρs = 0.17

3
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(b) Warm ions, kρs = 0.17

The ion-gyroviscous force adds to the ‘third-order’ forces
described by Rutherford.



Single helicity conclusions

As a result of the magnetic configuration in the RFP, ion
gyroviscosity produces a linearly-stabilizing drift
proportional to ∇B and poloidal curvature.
At sufficiently large kρs the standard KAW-mediated
tearing dominates and the warm-ion dynamics are no
longer significant as the fluids decouple.
The effect of ion gyroviscosity impacts the nonlinear island
evolution and reduces the island saturation width.

Unlike the effect of a diamagnetic drift effect which are
mitigated through nonlinear transport.



3. Multi-mode computations
We now study computations which model the dynamics of
multiple nonlinearly interacting tearing fluctuations.
Relaxation dynamics and the characteristic toroidal
magnetic-field reversal of the RFP are generated
self-consistently through the fluctuations.



The evolution of the spectral energies in our two-fluid
computations shows relaxation events as observed in
RFP dynamics.

relaxation events



Two-fluid computations of relaxation events exhibit a
global Hall-dynamo emf.

(a) initial event (b) subsequent event

E0‖ ' −
〈
ṽ × B̃

〉
‖

+
〈
J̃× B̃

〉
‖
/n0e+ ηJ0‖

J0 ≡ 〈J〉 − Jeq

The Hall-dynamo emf is of comparable amplitude to the
MHD-dynamo emf.
The dynamo emfs act to flatten the current profile.
The Hall-dynamo emf is not present in single-fluid modeling.



Comparison with experimental
measurements on MST



After the initial violent relaxation event, the core-mode
amplitudes are comparable to measurements.

MST: Ding et al. 2006
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Computation with a single-fluid model
produces ∼ 2× larger amplitudes
(not shown).



The amplitude of the m = 1, n = 6 dynamo in our
computation is comparable to the measurement.

The initial relaxation event is shown as it has significant m = 0 activity.

The sign and amplitude of the computed Hall-dynamo emf at the
resonant surface of the m = 1, n = 6 mode are consistent with the laser
polarimetry measurement.
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(a) Modal contributions to Hall-dynamo emf (b) MST: m = 1, n = 6
[Ding 2004]



Associated with the Hall-dynamo emf is the force from
the Maxwell stress.
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Magnetic coil and Mach probe
measurements indicate the
force from the Maxwell stress
largely cancels with the force
from the Reynolds stress as a
function of radius in the edge.
[Kuritsyn et al. 2009]



The fluctuation-induced forces from our computation
are similar in amplitude and behavior.
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(b) MST: Kuritsyn 2009

The amplitude in the computation is smaller than the measured
values in the edge.
However, the behavior is similar - the forces from the Maxwell
and Reynolds stresses tend to cancel, particularly in the edge.



The measured and computed parallel-momentum
transport due to the fluctuations is similar.
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The measured change
[Kuritsyn et al.] in the core
flow is parallel to the
magnetic field, and the
change in the flow
mid-radius is anti-parallel.
In the computation the
flows are very small at
t = 0, thus the flows after
the initial relaxation event
represent those generated
by the fluctuation-induced
forces.



Conclusions

Conclusions

As a result of the magnetic configuration in the RFP, ion
gyroviscosity produces a linearly-stabilizing drift
proportional to ∇B and poloidal curvature.
Unlike diamagnetic-drift effects, ion gyroviscosity can
reduce the nonlinear tearing-mode saturated-island width.
Our two-fluid RFP modeling produces two-fluid effects
similar to those measured in experiment: Hall-dynamo
emf, large canceling forces from the Maxwell and Reynolds
stresses, and parallel momentum transport.

These effects are not present with single-fluid modeling.



Conclusions

Thank you
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