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    conduction on High-Order Finite Elements 



Extended MHD

• NIMROD has the capability to solve the equations of XMHD

… but we will only focus on MHD terms



• Currently NIMROD uses a semi-implicit scheme
– Staggered in time and space (implicit leapfrog)

• Solves for updates rather than fields themselves

Discretized Equations



• Fully Implicit
– Overcomes time step limitations due to nonlinearities such as

advection, temperature-dependent diffusivities, etc.
– Larger time steps -> Faster time to solve?
– More Accurate, but does it matter for problems of interest?

• JFNK - Iterative (Newton type) method to solve nonlinear F(u)=0
• Action of the Jacobian (in building Krylov subspace) is approximated

– Don’t need to form the analytical Jacobian
• Preconditioning needed to attain reasonable convergence rates

– Preconditioner usually a simple approximation to the full Jacobian
– Right preconditioned GMRES
– Physics-based preconditioning (Chacon 2008)

Fully Implicit JFNK



• Non-invasive
– Don’t change the structure of the code
– Adapt to the existing routines

• Use as much functionality as possible
– Less work, faster code

• Interface with PETSc
– KSP library for linear solves
– SNES library for nonlinear solves

• Staged approach:
– N=0

• Fully Implicit solve for velocity
• Fully Implicit MHD

– N>0, extended MHD, …

Approach to Applying
JFNK within NIMROD



• Nimrod currently has only linear solvers
• Discretized velocity equation

– Sovinec: 2nd order perturbation lagged – used in residual for next iteration
• Our approach:

– Include the nonlinear term

– Precondition GMRES using
– Calculate the action of the Jacobian using finite differencing on

Fully Implicit Solve: Velocity



• N=0 Tearing Mode Instability

• Convergence in 2-3 GMRES its
– Similar to Lagged Method
– Roughly an order of

magnitude slower (but not
optimized)

Velocity Results



• Apply Crank-Nicholson to discretized equations to solve for updates
• Evaluate all fields at the same time value

Fully Implicit Solve: Crank-Nicholson



• Linearize to compute the Jacobian

• Define

Symbolic Form for Fully
Implicit Solve for MHD system

Extended MHD => M is not diagonal 



• Following Chacon (2008) apply LDU on 2x2 matrix and invert

where

• Approximate          with

• Where          is the ideal MHD operator which contains all of the wave
propagation information
– Psf,             matrices already exists in NIMROD (2D)

Full MHD System



• NIMROD is coded in dimensional units
• Physical quantities have a disparate range of scales

• In JFNK, using GMRES functional evaluations are used to determine the
nonlinear iteration update
– Magnitude of each residual determines the magnitude of nonlinear update
– Differences in the mag. of residual and mag. of solution prevent convergence

• Conversion between nondimensional/dimensional variables and residuals

Scaling/Nondimensionalization



• The nondimensional functional G yields residuals that are all within an
order of magnitude

• Re-dimensionalizing ensures that each unknown is of the proper order
• Modified Jacobian for the dimensionless functional

• The dimensional Jacobian is based on the dimensional equations
– Already implemented in NIMROD

• Leverage functionals and matrices already implemented in NIMROD
• Wrap PETSc routines with these scalings

Scaling/Nondimensionalization



• Diagonal inversions already coded in NIMROD
• Need to apply the upper (U) and lower (L) parts

– Use existing matrix-free rhs routines in NIMROD
• For L part:

–  Temporarily set variables to zero and use the functional for V

• Similarly for U terms
– Temporarily set variables to zero and use the functional for n,T,B

Preconditioning



• Nonlinear Functional is computed
– Copies:

• NIMROD vectors into PETSc vector
• Put NIMROD residuals into PETSc functional structure
• PETSc vector into NIMROD vectors

– Currently have many copies: Not optimized presently
• E.g., need specialized copies for Schur complement-reduced vectors in

preconditioning step
• On the fly nondimensionalization works

– Produces residuals all within one order of magnitude
– Error equally distributed across equations
– All variables are equally modified by nonlinear updates

• GMRES with no preconditioning works
 – Terribly slow convergence

• In progress: Finishing preconditioner
– L and U terms

Status



• Current Challenges
– Complete Preconditioning for the Full MHD system

• Future Work
– 3D

• Complex (Fourier) coefficients
• Same (axisymmetric) preconditioner

– Efficient method of applying preconditioner
• Multigrid to apply

– Upwinding for preconditioner
– Including closures (anisotropic closures, Hall terms)

Summary/To Do / Future Work
for nonlinear solves in NIMROD
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High-Order Finite Elements

Figure 1: (a) A single 2D biquartic element with Gauss-
Legendre-Lobatto points used for the node locations and (b)-(d)
three sample plots of the basis functions for the biquartic
elements.
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Low-Order Finite Elements

         (a)                      (b)                    (c)                    (d)

Figure 2: (a) A single 2D biquartic element with Gauss-
Legendre-Lobatto points used for the node locations and (b)-(d)
three sample plots of the basis functions for the bilinear finite
elements on the new higher resolution mesh.



Two FE Problems

Sparse Low-Order SystemDenser High-Order System



Automatic Preconditioner

• Using this low-order finite element space as a preconditioner requires a
rediscretization of the problem on the mesh constructed from high-order
nodes (LO-DS).

• We are building an approach through PETSc where this idea can be
used in an automatic sense by just passing off the element stiffness
matrices (LO-LS) and solving a least-squares problem.

• We ensure the sparse matrix constructed from the least-squares
problem approximates the smoother eigenvectors from the element
stiffness matrices and gets exactly the nullspace.

• In the next few months we will be adding to NIMROD code that
constructs the element stiffness matrices that allows us to test out this
idea in a NIMROD setting.



2D Results for Poisson’s Equation

Table 1: Number of iterations of PCG-GMRES required to reduce the error by a factor of 1e10 for a random initial guess and
homogeneous source and Dirichlet BCs.  Preconditioner is one V-cycle of AMG applied to the original high-order system (HO),
the discretized-version of the low-order system (LO-DS), and the least-squares-version of the low-order system (LO-LS).
Chebychev-Lobatto points and exact quadrature are used.  A total of 58081 DOFs are defined for each problem.

Table 2: Number of iterations of PCG-GMRES required to reduce the error by a factor of 1e10 for a random initial guess and
homogeneous source and zero Dirichlet BCs.  Preconditioner is one V-cycle of AMG applied to the original high-order system
(HO), the discretized-version of the low-order system (LO-DS), and the least-squares-version of the low-order system (LO-LS).
Gauss-Legendre-Lobatto points and approximate quadrature (using the GLL points and weights) are used. A total of 58081
DOFs are defined for each problem.

Automatic preconditioner
shows better convergence
than discretized.

Automatic preconditioner
shows better convergence
than discretized.



Conclusions

• Gauss-Lobatto-Legendre quadrature gives a better conditioned system
with better convergence behavior from our numerical results.

• We are currently examining methods for improving the efficiency of the
construction of the automatic preconditioner.

• We are adding high-order finite element examples to the PETSc repo so
that more users of PETSc can easily test their algorithms for such
problems.

• Hopefully this will help benefit NIMROD as it is more easy to test within
PETSc the enormous suite of problems.


