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Computations in doubly periodic slab and cylindrical 
configurations will be more efficient with special periodic 
elements. 



Introduction:  Many of our computations do 
not need elements that are ‘finite’ in 2D.	  
•  Despite the code ‘design specification’ for arbitrarily 

shaped cross-sections, many of our computations are 
run in sheared slabs and periodic cylinders. 
•  Comparisons with analytical theory 
•  RFP applications, where toroidal effects are minimal 

•  Numerical effects associated with continuity (or lack 
thereof) in a periodic coordinate can be avoided. 

•  Geometry and equilibrium fields being uniform implies 
that there are no preferred positions. 

•  Coefficients of differential operators are continuous 
(assuming no shocks), so derivatives should be 
continuous analytically. 



Trigonometric cardinal functions are nodal 
bases for periodic coordinates.	  
•  Finite Fourier series can be used as a modal basis. 
•  Trigonometric cardinal functions are the nodal counter-

part to finite Fourier series [J. P. Boyd, Chebyshev and 
Fourier Spectral Methods, 2nd ed., Dover (2001)] 

•  The minimum number of 
trigonometric cardinal 
functions for representing 
the lowest harmonic is 4. 
•  With 2 functions, first-

order derivatives do not 
have a net projection on 
any basis. 



The cardinal functions can be represented in 
either trigonometric or exponential form.	  

Fifth cardinal function (j=4) 
for N = 8. 

Derivative of fifth cardinal 
function for N = 8. 
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An expansion in trigonometric cardinal functions is 
equivalent to an expansion in finite Fourier series.	  
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•  After projecting some periodic function A(θ) onto N bases, 

•  The matrix transformation from the algebraic vector A to 
the algebraic vector a is a finite Fourier transform. 

•  So, why not use elements that are 1D FE, 2D Fourier? 
•  We could. 
•  The nodal trigonometricy representation is more in line with 

the existing framework. 
•  Even the existing framework blurs the nodal/modal 

distinction. 



Typical meshing requirements indicate the 
potential for increased efficiency.	  
•  To represent a single harmonic accurately in slab-

geometry, we typically use ~4 high-order elements in the 
periodic direction. 
•  The corresponding number of degrees of freedom is 

12-20 (polynomial degree 3-5). 
•  The minimum 4 trigonometric cardinal functions implies 

4 degrees of freedom. 
•  In circular-polar geometry, we typically use at least 24 

elements to accurately represent the curvature. 
•  This implies 72-120 bases in this direction. 
•  For nonlinear computations, 16-32 trigonometric bases 

may be sufficient. 



Implementation: Modifications to NIMROD 
allow blocks of the new element type. 	  
•  Elements in the new blocks have our standard 

Lagrange-type expansion (Legendre-equivalent) in the 
logical x-direction and trigonometric cardinal-function 
expansion in the periodic logical y-direction. 

Schematic of node locations 
in a quadratic, N = 4 element. 
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•  For consistency, both 
coordinates run from 0 to 1 in 
each element. 

•  The test implementation 
redefines ‘tblocks,’ so that the 
same code can run either 
rblocks or tblocks. 



The implementation of the new tblocks is 
similar to that of rblocks. 	  

•  Library subroutines are used to evaluate the trigonometric 
cardinal functions and their derivatives. 
•  Integration points are spaced evenly, and weights are 

uniform, so a quadrature routine is not needed. 
•  The new lagr_trig_mod module combines Lagrange bases in x 

with trigonometric bases in y. 
•  The Lagrange-trigonometric elements only use ‘vertical-side’ and 

‘interior’ basis arrays. 
•  NIMSET has been modified to create data for the new ‘rect_trg’ 

and ‘circ_trg’ gridshapes. 
•  The meshes necessarily have only one element and one 

block in the periodic y-direction. 
•  The standard 1D equilibria are available in both block types. 



Coding of physics (integrand routines) is essentially 
untouched, but many other parts of NIMROD 
require modification. 	  
•  Explicit manipulation of vector-type data has to check if each 

array type (grid vertex, horizontal side, vertical side, interior) is 
associated before applying a mathematical operation. 
•  These manipulations occur in the solver routines, utility-type 

routines, and nonlinear-change testing. 
•  No modification is needed where vector_add operations are 

called. 
•  For efficiency, the tblocks have their own matrix data structures 

(fewer indices), matrix-vector multiplication, and static-
condensation routines. 

•  Boundary and regularity-condition operations are modified. 
•  The bl_diagx preconditioner has been modified to act like a direct 

solve over tblocks.  



Test and Timing Results: Tests have been 
conducted with relatively simple zero-β MHD cases. 	  
•  A sheared-slab computation has a sech parallel current 

profile with Leq=0.33, a large guide-field, and -2 ≤ x ≤ 2. 
•  Timing results are for 1000 steps on a 2.5 GHz Intel Core i5. 
•  All computations have the same gridding in x of 60 packed 

elements with cubic polynomials. 
•  The bicubic computations use the seq. SLU solver, and the 

cubic/trigonometric cases use ‘bl_diagx’ with 1 block. 

y-‐representa(on	   γτA	
 (me	  (s)	  
Nel=4	  (cubic)	   9.545×10-‐5	   23.4	  
Nel=8	  (cubic)	   9.580×10-‐5	   91.3	  
Ny=4	  (trig)	   9.581×10-‐5	   4.5	  
Ny=8	  (trig)	   9.581×10-‐5	   14.7	  



Apart from less data, the eigenmode profiles appear 
essentially the same over x. 	  

•  There is a slight bumpiness in the bicubic result. 
•  Both use 4 integration points in the polynomial directions, 

and the cubic/trig case uses the minimum of 4 in y. 

Flow profile from the bicubic 
result with 4 elements in y. 

Flow profile from the cubic/trig 
result with Ny=4. 



A cylindrical pinch tearing-mode case has been used 
to test circular-polar meshes. 	  

•  The equilibrium profile is a paramagnetic pinch, and 
dissipation parameters are S=106 and Pm=0.001. 

•  From trial and error, representing m=1 eigenmodes requires 
a minimum of 6 cardinal bases over the azimuthal 
coordinate, not 4 as in slab geometry. 
•  The unit direction-vectors are x-hat and y-hat (not 

cylindrical r-hat and θ-hat), so there are extra factors of 
sin(θ) and cos(θ). 

•  The equilibrium data also expands x-hat and y-hat 
components. 

•  The required number of integration points is 50% larger 
than the number of basis functions (anti-aliasing?!). 



Results from this test also indicate potential for faster 
computation. 	  
•  The computations run 400 steps at Δt/τA=100 with 32 packed 

bicubic or cubic/trig elements over the radial coordinate. 
θ-‐representa(on	   γτA	
 (me	  (s)	  
Nel=16	  (cubic)	   6.153×10-‐4	   35	  
Nel=32	  (cubic)	   6.345×10-‐4	   124	  
Ny=6	  (trig)	   6.351×10-‐4	   3.6	  

•  Static conden-
sation leads to a 
slight rotation 
and change in 
growth-rate, 
however. 



Basic nonlinear computations also run but need more 
verification. 	  
•  A zero-β, S=5000, Pm=1 cylindrical RFP computation has 

been run with 24 cubic elements (radial), 12 trigonometric 
cardinal functions (azimuthal), and axial Fourier components 
0 ≤ n ≤ 42. 

•  The computation ran on a single processor to 0.079 τr, 4381 
steps, in 6 hours. 

Safety factor plotted at different times. Magnetic energy by n vs. time. 



Remaining work: A number of tasks need to be 
addressed or completed. 	  

•  Investigate numerical errors from static-condensation. 
•  Verify asymmetric linear solves (also generalize bl_diagx). 
•  Incorporate new tblock matrices into SLU interfaces. 
•  Check code for Δt limits and nonlinear-change testing. 
•  Resolve problem with Etang boundary condition. 
•  Test parallel implementation (parallel_io modifications). 
•  Merge into nimdevel if there is interest. 



Conclusions	  
•  The implementation is similar to that of rblocks, but the 

lack of grid-vertex and ‘horizontal-side’ data requires 
changes to a significant number of modules and 
routines. 

•  Initial linear tests confirm some of the expected benefits 
of using Lagrange-trigonometric elements. 

•  The development should be ready for initial applications 
within weeks. 

•  If there is general interest, the changes can be merged 
into nimdevel. 

•  The effort may be ~1-2 person-weeks. 


