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Introduction:  Efficient Grad-Shafranov computation 
facilitates studies of macroscopic dynamics. 

•  Simulations of macroscopic dynamics are often started from 
independent computations of MHD equilibria. 

•  This is efficient for simulating conditions where temporal 
scales of dynamics and transport differ. 

•  The sensitivity of dynamics to equilibrium profiles requires 
accurate Grad-Shafranov solutions. 

•  Profiles may be from experimental fits or prescribed. 

•  Efficient Grad-Shafranov computation facilitates productivity. 

•  Many profiles are used when scanning profiles. 

•  Analyzing a discharge may require a sequence of 
equilibrium solutions. 



The NIMEQ code is used to generate and refine 
equilibria for NIMROD computations. 

•  NIMEQ was developed to solve the Grad-Shafranov 
equation, and to refine experimental fits, using NIMROD’s 
spectral-element representation. 

•  The representation allows geometric and high-order 
algebraic convergence [Howell, CPC 185, 1415 (2014)]. 

•  The poloidal flux function is expressed as Λ = Ψ/R2 for 
straightforward regularity conditions in topologically 
spherical configurations. 

•  The code now solves both fixed- and free-boundary 
applications. 

•  Here, we review the formulation and present the 
implementation of an approximate Newton method for 
improving nonlinear convergence. 



Problem formulation: NIMEQ computations are 
based on spectral-element formulations. 
•  Fixed-boundary problems solve the Grad-Shafranov equation (in 

terms of Λ) with Λ prescribed along the domain boundary. 

Δ∗Ψ→∇⋅R2∇Λ = −F )F −µ0R
2 )P in D

Λ = Λ0 along ∂D

Λh ∈ Lhp
•  For a space Lhp of functions that are 0 along       and have square-

integrable first derivatives, the problem is to find                such that 
∂D

R2∇Ω⋅∇ Λh +Λ0( )dVol
D
∫ = Ω F &F +µ0R

2 &P( )dVol
D
∫

for all              . Ω∈ Lhp
•  For NIMEQ computation, the finite-dimensional space Lhp is from an 

element partition (indicated by h) of D, with basis functions being 
order-p nodal spectral polynomials in each element.  For                ,  Λh ∈ Lhp

Λh = λ jα j ξ1,ξ2( )
j
∑



We introduce a separate expansion for Κ = µ0 Jφ /R in 
our free-boundary computations. 

•  The Κ and Λ equations are redundant, analytically, but they are 
used to improve the iteration method, as described later.  Here, 

∇⋅R2∇Λ = −F %F −µ0R
2 %P in D

•  For the same space Lhp and another space Khp without restriction 
along       , find                  and                 such that 

R2∇Ω⋅∇ Λh +Λb( )dVol
D
∫ = Ω F &F +µ0R

2 &P( )dVol
D
∫

R2Κ = −F #F −µ0R
2 #P

Λh ∈ Lhp Κ ∈ Khp∂D

for all               and all              . Ω∈ Lhp Θ∈ Khp

R2ΘΚ dVol
D
∫ = − Θ F %F +µ0R

2 %P( )dVol
D
∫

•  With free-boundary computations, the border values of Λb are 
solved simultaneously with the expansions over the interior. 



The border flux is linearly related to Κ (and to currents in 
external coils). 

•  Biot-Savart is a linear relation between current and magnetic flux. 

Λ R,Z( ) = − 1
4πR

cos #φ d #φ
x− #x∫∫∫ #RΚ #x( )d #R d #Z Evaluate	  analy+cally	  

like	  a	  coil.	  
Evaluate	  through	  
Gaussian	  integra+on.	  

•  Λb-values are found from Κ = µ0	  Jφ /R at quadrature points and from 
external coils. 

•  Jq is the Jacobian for volume integration, i.e. including the factor of 
R, at point q 

•  wq is the quadrature weight. 

Λb = −
1

4πRb
MbqΚq

q
∑ + MbcIc

c
∑
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Mbq =
cosφdφ
xb − xq

wqJq∫ , Mbc =
cosφdφ
xb − xc
∫



When invoked, targeting a particular value of plasma 
current is another equation in the system. 

•  If Ip is the desired value of plasma current and wI is a numerical weight, 
the algebraic equation is 

wIµ0 I − I p( ) = −wI
wqJq
Rq

F "F +µ0R
2 "P( )qq

∑ −wIµ0I p = 0

•  Some parameter must be adjusted to achieve Ip. 

•  We have used a parameter (call it f ) of prescribed F-profiles. 

•  The relation between I and f is not linear. 

•  This option is useful for both fixed- and free-boundary applications. 



Nonlinear iteration: Converting to approximate-
Newton starts with reorganization. 
•  The fixed-point iteration for nonlinear F(Λ) and P(Λ) had been 

organized for the linear Δ* operator. 

R2∇Ω⋅∇ Λh
k+1 +Λ0( )dVol

D
∫ = Ω F &F +µ0R

2 &P( )
k
dVol

D
∫

Ω∈ Lhpfor all              with the superscript k being the iterate label. 

Λh
k+1 ∈ LhpFor fixed-boundary computations, find                  such that 

•  Note that                                              , for example.  !F =
d
dΨ

F Ψ( ) = 1
R2

d
dΛ

F Λ( )

•  Equivalently, one may form a residual vector, 

HΛi
k = R2∇αi ⋅∇ Λh

k +Λ0( )−αi F %F +µ0R
2 %P( )

k&

'
(

)

*
+dVol

D
∫

αifor all        and update with                       ,                                . δΛ = −M−1HΛ
k Mij = R2∇αi ⋅∇α j

D
∫



With the residual-based formulation, full and 
approximate Newton result with different matrices. 
•  Formally, Newton’s method uses the complete Jacobian matrix, and 

it changes with the iteration. 

•  With NIMEQ, as with other solvers, it is easier to use approximate 
Newton iteration. 

•  Partial derivatives of the nonlinear terms are found via 
numerical difference approximation.  For example, 

M →Mk =∇Λh
HΛ
k

∂
∂Λ

#P ≅
δ
δΛ

#P ≡
#P Λ+δΛ( )− #P Λ−δΛ( )

2δΛ

computed at nodes of the expansion and interpolated for the 
element computations.  The FF’  is treated similarly. 

•  Also, the approximate differencing considers the separatrix 
shape to be held constant. 



When targeting an Ip-value, the Ip equation and the 
parameter f need to be included in the system. 
•  “Need” has been proven by trial and error. 

•  The residual equation for plasma current is 

H f
k = −wI

wqJq
Rq

F "F +µ0R
2 "P( )q

k

q
∑ −wIµ0I p = 0

•  The algebraic system for the update is 
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With free-boundary computation, there are separate 
residual vectors for Κ and Λb. 

•  For the auxiliary equation for Κ, we have 

HΚ i
k = αi R

2Κk + F "F +µ0R
2 "P( )

k#

$
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'
(dVol

D
∫

•  This residual depends on Κ, Λh, Λb, and f. 

•  For Λb, we have 

Hb
k = wb Λb −

1
4πRb

MbqΚq
k
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•  This residual depends on Κ and Λb only, and it is linear. 

•  Also note that                 in         , so it also depends on Λb. Λ0→Λb HΛi
k



The implementation takes advantage of matrix-free 
Krylov-space linear solves. 

•  The approximate Jacobian matrices are not formed at each 
nonlinear step k. 

•  Instead, the linear algebraic system uses matrix-free GMRES. 

•  The algebraic systems are preconditioned with direct solves of 
the matrix from         and          , which depend on geometry 
only. 

•  The scalar equation and dependent variable for targeting Ip do not 
readily fit the data structure used in NIMEQ (and NIMROD). 

•  Matrix partitioning is used to eliminate δf from the system. 

•  The extra operations are also completed matrix-free. 

MΛΛ MΚΚ

MΛΛ −MΛf M
−1
ff M fΛ( )δΛ =MΛf M

−1
ff H f −HΛ

δ f = −M−1
ff H f +M fΛδΛ( )



Most of the modifications for approximate Newton 
iteration have been implemented. 

•  The organization of fixed- and free-boundary solves have been 
modified for the residual formulation. 

•  Both fixed- and free-boundary solves now use matrix-free GMRES. 

•  Numerical differences of the FF’ and P’ terms have been 
incorporated. 

•  They “kick-in” after achieving a prescribed relative tolerance to 
avoid failure when far from the solution. 

•  The Ip equation is fully implemented for fixed-boundary solves. 

•  For free-boundary solves, the Hb terms are complete. 

•  The               terms remain to be added for the Ip equation. ∂HΚ ∂f



Results: Tests with simple toroidal equilibria are 
underway. 

•  Most tests so far have been with the simple circular cross-section 
case used to demonstrate toroidal external kink (and fixed-
boundary variations of this equilibrium). 

Pressure	  and	  poloidal	  flux.	  	  White	  
dashed	  line	  shows	  limi6ng	  surface.	  

•  The GS computational domain 
is to the left of the dashed white 
line in the figure. 

•  There are four external coils 
supporting the equilibrium. 

•  The result at right from a free-
boundary computation. 



Initial results are encouraging in that approximate-
Newton substantially reduces iteration. 

•  Approximate Newton reduces the iteration count in these fixed-boundary 
tests with or without B-tracing for distinguishing open and closed flux. 

Fixed-boundary comparison without 
tracing (centering=0.75 for both). 

Fixed-boundary comparison with B 
tracing (centering=0.75 for both). 



Approximate Newton also helps converge free-
boundary cases. 

•  So far, the modifications are not helping cases with a targeted Ip, but 
this may be a bug. 

Free-boundary comparison with B 
tracing (centering=0.75 for both). 



Conclusion 
•  Reorganizing the fixed- and free-boundary solves into 

residual-based equations allows relatively easy 
development of new iteration methods. 

•  Approximate Newton iteration shows improved 
convergence in at least some test cases. 

•  Keeping the separatrix fixed in the approximate 
Jacobian matrix appears to be acceptable. 

•  Tests for diverted equilibria will be more revealing, 
however. 


