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Overview

I N. Roberds modeled how 3D-shaping influences sawtooth
oscillation in CTH using NIMROD [1].

I These simulations constitute a useful scenario to benchmark new
diagnostic tools:

1. Power transfer analysis in a 3D equilibrium.

2. An implementation to determine the location of fixed points.

I In future work, we will employ these tools to study the avoidance
of CTH disruptions with the application of a stellarator field.
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Sawtooth oscillations are numerically modeled for a
CTH-like machine

I CTH is a five field period device (Nfp = 5) in which the Helical Field
coil and Toroidal Field coil currents are adjusted to modify the external
rotational transform: 0.02 < ιext < 0.3.

I In a tokamak (ιext = 0), the eigenfunction is characterized by the
toroidal Fourier number n = 1.

I In a current carrying stellarator (ιext = 0.097), the eigenfunction is
described by n = 1,Nfp±1,2Nfp±1, ....

tokamak, ιext = 0 torsatron, ιext = 0.097
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The fixed point implementation in NIMFL is a tool to study
island dynamics and q-profile evolution

I A fixed point is the intersection of a closed magnetic field line with a
Poincaré section.

I Fixed points: magnetic axis, o-points (centers of magnetic islands) and
x-points (in between islands).

I Fixed points can be located with very high accuracy with a Newton’s
method.

I Greene’s residues (Rg) are defined for fixed points [2]. For an island
center, the island width is proportional to

√
Rg.

I Fixed points and the associated Greene’s residues can help with the
determination of the rotational transform profile.

I Our analysis extends the tokamak sawtooth picture of [3] to the
stellarator case.
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The fixed point dynamics is consistent with a Kadomtsev’s
sawtooth relaxation in a tokamak (ιext = 0)

I A bifurcation occurs when q0 drops below one: a new o-point
and one x-point are born.

I The original magnetic axis “falls towards” the x-point. The
center of the growing island becomes a new magnetic axis with
q0 > 1.

q0 > 1 q0 < 1
q > 1

q0 < 1
q > 1

q0 > 1
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The fixed point dynamics for the stellarator case
(ιext = 0.097) is analogous the tokamak case (ιext = 0)

I A ιext = 0.097 results in symmetry-preserving 6/5 thin islands.
I The Kadomtsev’s picture for a sawtooth relaxation still holds:

the original magnetic axis merges with the x-point. The center of
the growing island becomes a new magnetic axis with q0 > 1.

q0 < 1
q > 1

q0 < 1
q > 1

q0 < 1
q > 1

q0 > 1
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Following order-1 fixed points allow us to track successive
sawtooth oscillations in a tokamak (ιext = 0)

I Sawtooth-like cycles for the Fourier energies and Te at the location of the
equilibrium magnetic axis.

I q0 successively drops below one and is replaced with the center of a growing
magnetic island.

I To each sawtooth oscillation, there is a corresponding bifurcation of an o-point
into two o-points and one x-point, as well as a coalescence of one o-point and
one x-point.
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The first bifurcation occurs during a build-up phase

I At 4 ms, q0 = 1.05. Keeps decreasing due to resistive diffusion.

I Around 4.7 ms, q0 drops below one and the first bifurcation occurs: an o-point
(x-point) originates in the outboard (inboard) side.

I From 4.7 ms to 7.46 the n = 1 internal kink mode grows, and the o/x-points are
pulled apart. During this interval, q > 1 for the magnetic island center.

I Te peaks at 7.46 ms.
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The end of the crash phase is marked by an o-x coalescence

I At 7.46 ms, Te starts decreasing.

I In the crash phase, the original magnetic axis is drawn towards the x-point on
the inboard side.

I Around 7.56 ms, Te drops to a minimum, the n = 1 mode saturates, and the
o-x-points merge.

I At the end of the first sawtooth cycle the original magnetic axis has been
replaced with the magnetic island center, which has q0 > 1.
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The dynamics of order-1 fixed points allow us to study
sawtooth oscillations in a stellarator (ιext = 0.097)

I Similar picture as in the tokamak case, e.g:

1. An oscillation is characterized by a bifurcation and a coalescence.
2. Coalescences are identified by the mutual destruction of an

x-point with the magnetic axis.
3. An increasing Greene’s residue after a bifurcation is consistent

with a growing island.
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Fixed point dynamics for a single sawtooth oscillation
(ιext = 0.097)

I At 0.2897 ms, the safety factor at the magnetic axis is less than one (q0 < 1),
while the safety factor in the center of the growing island is above one (q > 1).

I Around 0.385 ms, Te reaches a minimum, the internal kink mode saturates, and
the o-x-points merge in the inboard side. The new magnetic axis has q0 > 1

I There is a subsequent bifurcation around 0.46 ms.
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We generalize the power transfer analysis to a 3D
equilibrium

I In CTH, the internal kink mode that is responsible for the sawtooth activity
includes the complete kNfp±1 family.

I Following [3], we obtain an equation for the time evolution of the Fourier
modal energy (En) as function of “power transfers”.

I ∂En
∂ t '

1
2

(
Ω∇Pn +Ωηn +ΩPn +ΩLn

)
I En ≡

∫
A

(
|Bn|2
2µo

+ ρ|Vn|2
2

)
dA (Fourier modal energy)

I ΩLn ≡
∫

A V∗n · (J×B)ndA+
∫

A J∗n · (V×B)ndA+ c.c. (Lorentz)

I Ωηn ≡−
∫

A(ηJ)n ·J∗ndA+ c.c. (Joule heating)

I ΩPn ≡−
∮

∂A ·
(En×B∗n

µo

)
·dn+ c.c. (Poynting Flux)

I Ω∇Pn ≡−
∫

A V∗n · (∇p)ndA+ c.c. (Grad-p)

I Advective and viscous terms are negligible small.
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The Lorentz power transfer is expressed as a
symmetry-preserving/breaking (ΩSn/ΩSBn) parts

I SM = {0,5,10...} symmetric Fourier indices.
I NSM = {1,2,3,4,6,7,8,9,11...} non-symmetric Fourier indices.

FS(R,Z,ϕ, t)≡ ∑
n∈SM

Fn(R,Z, t)einϕ

︸ ︷︷ ︸
Sym−Preserving

+ ∑
n∈NSM

Fn(R,Z, t)einϕ

︸ ︷︷ ︸
Sym−Breaking

,

Regardless of the value of n, the symmetry-breaking part of the Lorentz power
transfer is defined as

ΩSBn =
∫

A
V∗n · (JSB×BSB)ndA+

∫
A

J∗n · (VSB×BSB)ndA+ c.c..(non-linear)

In contrast, the symmetry-preserving part of the Lorentz power has a certain form if
n ∈ SM and another if n ∈ NSM. In the case n ∈ SM, we have

ΩSn =
∫

A
V∗n · (JS×BS)ndA+

∫
A

J∗n · (VS×BS)ndA+ c.c..

On the other hand, if the mode of interest is non-symmetric, n ∈ NSM, then

ΩSn =
∫

A
V∗n · (JS×BSB)ndA+

∫
A

J∗n · (VS×BSB)ndA

+
∫

A
V∗n · (JSB×BS)ndA+

∫
V

J∗n · (VSB×BS)ndA+ c.c..(quasi-linear)
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Preliminary results suggest that the symmetry-preserving
power transfer controls the evolution of E1

(a)ιext = 0 (b)ιext = 0
E1 peaks at 7.56 ms

(c)ιext = 0.097.
E1 peaks at 0.385 ms

I (a) The n = 0 positive Poynting flux accounts for the imposed loop voltage.
Energy is dissipated through Joule Heating.

I (b)-(c) The n = 1 symmetry-preserving Lorentz power transfer dominates over
all other mechanisms.

I There is a similar picture for the remaining non-symmetric Fourier indices.

I The total power transfer should vanish when E1 peaks. I am working on
solving this discrepancy.
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The qualitative behavior of the symmetry-preserving
Lorentz Power Flow (ΩSn) for n = kNfp +1 is opposite to
n = kNfp−1

I n = 1,Nfp±1,2Nfp±1, ... correspond to the same eigenfunction,
however, ΩSn for n = kNfp +1 is negative throughout a sawtooth
oscillation while n = kNfp−1 is positive. Why is this so?

ιext = 0 ιext = 0.0970
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Summary and ongoing work

I The fixed point implementation implementation permits a
detailed analysis of sawtooth oscillations.

I We expanded the tokamak fixed point sawtooth picture of [3] to
the stellarator case.

I We generalized the power transfer of [4] to account for 3D
equilibrium configurations.

I This diagnostic highlights the difference the n = kNfp−1 and
n = kNfp +1 modes play in the saturation of the internal kink in a
torsatron.

I In future work, we will employ these diagnostic tools to study the
avoidance of CTH disruptions with the application of a 3D field.
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