
Analysis of plasma-neutral time-discretization schemes 
on 1D tokamak and z-pinch injection cases

Sina Taheri1, Jacob R. King2

1University of Washington
2Tech-X Corporation

NIMROD Team Meeting
May 5-6, 2021

Virtual Meeting, USA



2

Outline

● Plasma-Neutral Model

● Semi-implicit leap-frog time advance

– Crank-Nicolson time centering and Newton iteration

– Strang-split 

● 0D test cases and error sources

● 1D test cases and spatial gradients

● Summary



3

A reactive plasma-neutral model* describes the evolution of the 
species subject to ionization, recombination, and charge exchange.

number density 

temperature 

magnetic induction 

0th order moments

1st order moments

2nd order moments

* Meier, PoP 2012

center of mass velocity
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Semi-implicit leap-frog algorithm

● Functional dependencies for single-fluid MHD without atomic interactions allows for time-
splitting by field and sequential field solves*.

● A semi-implicit operator is required to stabilize wave propagation associated with the leapfrog 
algorithm.

● Analogously, a time-staggered algorithm for a neutral species also requires a semi-implicit 
operator to stabilize the sound-wave propagation.

● The coupling between species is captured within each field solve. 

● Red terms represent the time-implicit coupling between species.

● Ain and Ani are only included through nonlinear iteration for velocity advance. 

* Sovinec, JCP 2004
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Motivation: comparing two competing time-discretization 
algorithms for dynamic plasma-neutral model. 

● We look at two time advance methods in the leap-frog time advance framework:

– Crank-Nicolson time centering of the atomic reaction terms with Newton iteration 
for nonlinear physics

– Strang-split evolution of PDE/ODE system for MHD/fluid and atomic reaction 
equations

● Results of the 0D test cases were shown in the previous meeting emphasizing the 
different sources of error. 

● Results of the 1D test cases are investigated here to show the interaction between 
spatially dependent PDE and local ODE systems.  
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The discrete form of an implicit numerical time-advance for the 
number density equation of the plasma-neutral model is

● The discrete form of an implicit numerical time-advance for the number density 
equation of the plasma-neutral model is,

● Ionization and recombination source terms are expanded as,
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Schematic view of plasma-neutral model using SI-LP 
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Nonlinearities in atomic physics are included using an outer 
Newton iteration.

● Considering a nonlinear equation,        , applying Crank-Nicolson discretization and 
simplifying the equation, we get

● Magenta term is the contributions not included in linear operator defined as:

● Blue term is the Jacobian which are calculated using a finite difference stencil:

● The convergence criteria is:

● JFNK method couples the velocity equations through F
N
.
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Alternatively, Strang-split method couples species with a local 
ODE solve. 

● Plasma-neutral model can be divided 
into fluid and EM evolution represented 
by PDEs and atomic physics terms 
which are governed by ODEs that are 
local in space. 

● Coupling species through local ODEs, 
leads to smaller sparse matrices for the 
PDE advance.

● A stiff ODE integrator is applied to 
atomic physics for half a time step, the 
PDE uses implicit centering for a full 
time step, and finally the ODE is 
advanced another half a time step. 
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0D test cases
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Discretization scheme comparison disentangles different sources 
of error. 

● A: Nonlinear Error 
Newton iteration on top of the JFNK method removes 
the error from nonlinear atomic physics.

● B: Crank-Nicolson Error 
Strang-split method removes both the CN 
time-centering and nonlinear errors. 

● C: T-in-n Error
Explicit centering of temperature in the number 
density equation amplifies the time-discretization error 
associated with temperature-dependent cross-
sections.

● D: Splitting Error 
PDE/ODE splitting in Strang-split method breaks the 
balance between terms which alters the steady-state 
solution. This error is not present in 0D tests. 

A

B

C

Tokamak Core Regime
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A battery of 0D test cases explore common regimes in fusion-
plasma devices. 

Tokamak Core Tokamak Edge Nonlinear Ionization Flow Relaxation
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T-in-n error is due to leap-frog staggering. 

● In relatively low-temperature plasma (1-3 eV), 
small deviations in temperature changes atomic 
rates drastically.

● Within the fluid advance temperature in density 
coupling is zero.

 

● This term is nonzero with atomic physics and neglected in all schemes discussed. 
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1D test cases
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A generic tokamak pedestal test case investigates the effects of a 
spatially dependent neutral profile in  1-D.

● Plasma profiles are kept stationary.

● Initial neutral profiles are set by a local 
equilibrium of ionization and 
recombination.

● An enhanced diffusivity region acts as a 
neutral particle source. 

● Ballistic expansion in the pedestal is 
balanced by ionization.

● Since electron temperature is fixed, 
there is no T-in-n error.   
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ODE/PDE error dominates the Strang-split steady-state result. 

● Crank-Nicolson scheme reaches steady-state 
solution regardless of the time-step size. 

● Splitting the force terms in Strang-split algorithm 
causes an imbalance in steady-state solution. 

● Steady-state solution depends on time-step size 
for operator splitting algorithms.

● Error in solution occurs in low neutral density 
regions and may not qualitatively impact 
dynamics.

● Comparing wall clock time, Strang split takes 
about 2.4 times (smallest dt) and 0.15 times 
(largest dt) the Crank-Nicolson with largest dt 
(caveat: optimization may be improved). 

● Nonlinear advection term has no tangible effect 
on the final solution. 
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Dynamic flow acceleration investigates the wave propagation 
properties in the system. 

Parallel Plate Accelerator

I
● A generic 1-D snowplow includes Alfvenic waves as well 

as sonic waves and atomic reactions when a slug of 
neutrals is introduced in the domain.

● A linearly rising magnetic flux is injected from left side. It 
is implemented as a Dirichlet BC.

● Rising magnetic pressure on the left surpasses the 
thermal pressure creating a magnetic piston pushing to 
the right. 

● The magnetic piston is lead by a shock wave where 
heated plasma starts to ionize the neutral slug upon 
reaching it.
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Predicted velocity for the leading shock wave does not match.

Crank-Nicolson 
with nonlinear 

iteration

Strang-split

● Even as the time-step size is reduced the algorithms do not converge to the same 
result.

● Including nonlinear advection term has no significant effect on wave speed. 
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Speculations 

● Nonlinear system of equations does not have uniqueness theorem. 

● Strang-split algorithm predicts a wrong wave speed in finite volume methods with 
approximate Reimann solver*. We might be seeing the same effect in finite element 
case.

● Can the time centering of the fields for operator splitting be improved?

● There could be a bug. But all 0D test cases converge to the same answer and 
pedestal test case shows promising convergence to the right steady-state. 

* Helzel et al. J. Sci. Comput. 2000
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Summary 

● Two competing time discretization algorithms are used for plasma-neutral modelling. 

● Newton iteration is used to include nonlinear atomic physics in Crank-Nicolson 
method, while the operator splitting method incorporates the nonlinear physics in the 
ODE solver.

● A battery of 0D test cases show different sources of error in each method. 

● A generic tokamak pedestal test case tests spatially dependent dynamics with atomic 
reactions in a steady-state problem. 

● A generic snowplow test case looks into the wave propagation speed in a dynamic 
problem. 

● A trade-off between wall-clock time and accuracy when comparing the CN and SS.


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20

