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Motivation.
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• Recent work indicates that in stellarators, stability may not
limit β. Instead β may be limited by equilibrium physics.1 2

3 4

• What maximum β is possible?

• What factors and physics limit achievable β?

• What equilibrium characteristics limit β?

• The magnetic topology appears to change to limit β; flux
surfaces deteriorate, enhancing transport.

• Pressure-induced currents may degrade magnetic surface

integrity.

• ”Weakly stochastic”edge magnetic fields are produced, possibly

as a result of self-consistent transport physics.

1M. Hirsch, et al., Plasma Phys. Control. Fusion, 50, 1(2008).
2M. Sato, et al., 2008 IAEA Proceedings.
3A. Reiman, et al., Nucl. Fusion, 47,572(2007)
4M.C. Zarnstorff, et al., 2004 IAEA Fusion Energy Conference.



Hypothesis: The 3D nature of stellarator equilibria provide robustness
to MHD modes.
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• Idea: Use NIMROD to create two cases:

1. Helically symmetric case, where only two coordinates describe the
equilibrium.

2. Spoiled symmetry case, where the above helically symmetric case is
perturbed.

• These cases are both heated with an ad-hoc, volumetric heating source.
Beta subsequently increases. The response of the two systems is
compared.

Hypothesis: By restricting the states the system can assume, we alter how
the equilibrium can react to increasing β.

Problem: NIMROD’s solution algorithm mixes the toroidal harmonics (via
beating), spoiling the helically symmetric nature of case 1 above.

Possible solution: It appears possible to limit case 1 above to only even
n-modes, allow case 2 access to both odd and even n-modes.



The initial helical vacuum equilibrium magnetic field is analytically
prescribed in NIMROD.
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Solving Laplace’s equation in a periodic cylinder yields a scalar potential to
describe the helical vacuum magnetic field for a straight stellarator:

B = ∇φ

φ = B0
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where:
ǫmn = bmn

B0
is the relative amplitude of the helical harmonic of the magnetic field.

Im(x) is the modified bessel function of order m and argument x.

Magnetic field structure and spectrum are controlled by choice of ǫmn:
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* Helically symmetric equilibria are a special subclass of solutions
=⇒ ~B = ~B(ψ,Mθ −Nζ)



The boundary condition is a line-tied perfectly conducting shell.
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• In general 3-D magnetic configurations, field lines intersect the
computational boundary.

• After the analytic vacuum equilibrium is prescribed, a line-tied condition
is enforced at the boundary. That is, the normal component of the
magnetic field at the wall is NOT updated for t>0:

d

dt
~B · n̂|bdry = 0

This results in a vacuum magnetic field structure which persists in
time, despite perturbations to the magnetic field.



Straight Stellarator Parameters and Figures of Merit.
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All calculations take place in straight stellarator geometry where:

a = minor radius ≃ 0.4

B0 = Guide field in axial direction = 1 T

Tbckgrd = background temperature (at plasma edge) = 1 eV

Kinematic viscosity = 1 m2/s

Electrical Diffusivity (η/µ0) = 1m2/s

τres = Resistive diffusion time = 0.16 s

τA = Alfven time = 6.4 · 10−7 s

S = Lundquist number = 240,000

VA = Alfven speed = 6.2 · 105 m/s

χ⊥ = perpendicular thermal diffusivity = 1 m2/s

χ‖ = parallel thermal diffusivity, varied from = 105 m2/s to 106 m2/s

Pm = magnetic Prantdl number = 1



Can a fully 3D configuration be created which can reach higher β
values than a ”restricted state” (initially helically symmetric) system?
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Two classes of equilibria are heated and compared:

• Initially helically symmetric - fully described by only 2 coordinates (2D) -
~B = ~B(ψ,Mθ −Nζ); closed flux surfaces guaranteed.

• Increasing β => flux surfaces deform, but remain intact.

• The possible states of the system are restricted by exposing the system to
only even n-modes. => At high enough β, possibly unstable to a 3D
MHD mode.

• Spoiled symmetry (with 3D perturbations) - fully 3D magnetic topology; closed
flux surfaces NOT guaranteed.

• Increasing β => flux surface destruction (i.e. magnetic islands,
stochasticity) as a β-limiting mechanism.

This comparison depends on the heated helically symmetric system avoiding

even n-modes as it is heated. So, a measure of the ”spectral purity”of the
system is desired => Spectral diagnostic.



Spectral diagnostic: Understanding Pfirsch-Schlüter currents is critical
to studying finite β plasmas.
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• Variations in field strength produce Pfirsch-Schlüter currents, which
distort the magnetic configuration. The magnitude of the
Pfirsch-Schlüter current is

J · B
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• Note that this current becomes singular at the rational surface because
of the 3D resonant magnetic field.

• In NIMROD, we can study magnetic configurations where we restrict the
magnetic field strength, and thus the Pfirsch-Schlüter currents, to only
certain (m,n) harmonics.



The (m=2,n=2,ǫ=.87) case is similar to LHD.
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• Core rotational transform just above 0.5 ( ι(0) = 0.507).

• Heating for this case is broad - ”tent shape” - peak at the center to 0 at
LCFS in vacuum.

• Heating is n=2 (same value at each location along the cylinder).

Figure 1: Poincare plot at t=0, ζ = 0.
Figure 2: Rotational transform profile at
t=0, ζ = 0.



The (m=2,n=2,ǫ=.87) case is heated with minimal perturbation.
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• bamp=0.

• Odd-n components of the Pfirsch-Schlüter Fourier spectrum are quite
small through most of the run.

• Even-n harmonic strengths of the P-S spectrum start ∼ 10−3.

• Odd-n harmonic strengths of the P-S spectrum start ∼ 10−15.

• At 900 iterations (t = 4.5 · 10−4s), odd-n harmonics strengths are
still only ∼ 10−10, while even-n harmonic strengths are > 10.

• Shortly after 900 iterations, the simulation stops because of a fast
growing 2,2 mode.

• Maximum β = 4.2%.



The heated, minimal perturbation (m=2,n=2,ǫ=.87) has a large (2,2)
mode
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Figure 3: Poincare plot at t=4.5 · 10−4s,
ζ = 0.

Figure 4: Rotational transform profile at
various times, ζ = 0.



The (m=2,n=2,ǫ=.87) case is given a 3D perturbation at t=0.
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• bamp = 10−6.

• Additional perturbation is provided through n=1 heating for the first 2
iterations, at a strength of 1% of the n=2 value.

• These perturbations ensure that the ”spectral strengths”of the odd-n
harmonics are non-zero.

• Results are very similar to the previous unperturbed case -> the simulation
stops shortly after 900 iterations because of a fast growing 2,2 mode.

• Maximum β = 4.2%.

Figure 5: Poincare plot at t=4.5 · 10−4s,
ζ = 0.

Figure 6: Rotational transform profile at
various times, ζ = 0.



(m=2,n=2,ǫ=.85) case
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• Core rotational transform just below 0.5 ( ι(0) = 0.473).

• Heating for this case is broad - ”tent shape” - peak at the center to 0 at
LCFS in vacuum.

• Heating is n=2 (same value at each location along the cylinder).

Figure 7: Poincare plot at t=0, ζ = 0. Figure 8: Rotational transform profile at
t=0, ζ = 0.



The (m=2,n=2,ǫ=.85) case is heated with minimal perturbation.
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• bamp=0.

• Odd-n components of the Pfirsch-Schlüter Fourier spectrum are quite
small through most of the run.

• Even-n components of the P-S spectrum start at O(10−15).

• Odd-n components of the P-S spectrum start at O(10−7).

• Odd-n components of the P-S spectrum are still only O(10−14) at
900 its and only O(10−11) at 1100 its.

• Shortly after 1000 iterations, the simulation stops because of a fast
growing 2,2 mode.

• Maximum β = 4.0%.



The heated, minimal perturbation (m=2,n=2,ǫ=.85) has a large (2,2)
mode

Schlutt 14 NIMROD Team Mtg. August 2010

Figure 9: Poincare plot at t=5.5 · 10−4s,
ζ = 0.

Figure 10: Rotational transform profile
at various times, ζ = 0.



The (m=2,n=2,ǫ=.85) case is given a 3D perturbation
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• bamp = 10−6.

• Additional perturbation is provided through n=1 heating for the first 2
iterations, at a strength of 1% of the n=2 value.

• These perturbations ensure that the ”spectral strengths”of the odd-n
harmonics are non-zero.

• Results are very similar to the previous unperturbed case -> the simulation
stops shortly after 1100 iterations because of a fast growing 2,2 mode.

• Maximum β = 4.0%.

Figure 11: Poincare plot at t=5.5·10−4s,
ζ = 0.

Figure 12: Rotational transform profile
at varios times, ζ = 0.



Case study: (m = 2, n = 2, ǫ2,2 = 0.75) helically symmetric system.
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• This system is heated, with no perturbations introduced. In this case,
the heating is much more localized and twice as intense as
compared with the previous LHD-like cases.

• Since only even-n harmonics are present at the beginning, the system
avoids odd-n harmonics through much of the heating.

• Large values of β are reached in this restricted system, β ∼ 12%, with a
2,2 instability growing and stopping the simulation.

• Odd-n harmonics are insignificant until β reaches ∼ 11%.



Flux surfaces are elongated but intact at β =10% for the
(m = 2, n = 2, ǫ2,2 = 0.75) restricted state system.
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Figure 13: Poincare plot at t=1.6·10−3s,
ζ = 0.

Figure 14: Rotational transform profile
at various times, ζ = 0.

The simulation is finally killed by a 2,2 mode.



The (m = 2, n = 2, ǫ2,2 = 0.75) system is given a 3D perturbation from
t=0.
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The perturbation is realized by modifying the heating distribution in space:
• bamp=10−6.
• n=1 heating is add for the first two time steps.

• The magnitude of this n=1 component is ∼ 1% of the n=2 magnitude.

• This perturbation is localized in the poloidal plane.

• This heating perturbation is then removed and the normal n=2 heating is left
in place as the simulation continues.

• A 2,1 mode grows and kills the simulation at only β = 3.3%, t ∼ 4.5 · 10−4s.

Figure 15: Poincare plot at t=4.5·10−4s,
ζ = 0.

Figure 16: Rotational transform profile
at various times, ζ = 0.



Summary of numerical results to date.
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The 3-D magnetic field structure of a straight stellarator configuration has been
modeled using NIMROD.

• When the helically symmetric system is heated, good flux surfaces remain
intact.

• A diagnostic has been written which determines the strengths of the λmn

components.

• It is found that the restricted helically symmetric cases can remain
restricted to even n-modes to large values of β.

• LHD-like cases have been run, but very little difference was observed between
the restricted mode cases and the fully 3D cases. The mode which killed the
simulations was a n=2 mode.

• In the (m = 2, n = 2, ǫ = .75) configuration, large differences have been
observed between the fully 3D case and the restricted state case.

• Perhaps the heating source is too large and concentrated.



Future Work.
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• Continue to search for an initial rotational transform profile (n=2) that
is more sensitive to odd-n modes than even-n modes:

• Does the fully 3D configuration change in response to this mode
and allow further increases in β?

• Further restrict the helically symmetric system, e.g. rather than studying
n=2 configurations, perhaps n=3 configurations should be studied =>
beating into n=3,6,9,12,... rather than 2,4,6,8,...

• Carefully think about whether these simulations would work in a
NIMROD toroidal geometry.

• Does the bad curvature everywhere in the cylinder prevent the
stabilizing behavior that is seen in experiment?

• Create a diagnostic to visualize and help identify the mode number of
the offending MHD mode that is killing the simulation.
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