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Introduction:  NIMROD’s approach assumes that 
dissipation or inertia makes solutions continuous. 

•  NIMROD’s spectral elements are continuous across element 
borders; though, derivatives may be discontinuous. 
•  They have provided several benefits, including: 

•  Accuracy for anisotropies and the magnetic divergence 
constraint. 
•  Flexible geometry with high order. 

•  The representation has limitations: 
•  Discontinuities and singularities in ideal conditions lie 
outside the solution space. 
•  Coarsely resolved non-ideal conditions can produce 
qualitatively incorrect results. 
•  Modes must be checked thoroughly to verify that they are 
physical. 



Background:  In general, the form of a system of 
equations guides the choice of an appropriate basis. 

•  Regular, self-adjoint, even differential order systems (~Poisson eqn.) 
are relatively straightforward. 

•  Integration by parts leaves terms that look like energies. 
•  All finite-valued functions in the space spanned by a basis should 
produce finite energy (no integrals of squared delta functions, etc.) 
and satisfy essential conditions.   

•  First-order hyperbolic systems have continuous and discontinuous 
solutions. 

•  Discontinuous Galerkin methods keep surface integrals at 
element interfaces and allow all fields to be discontinuous. 
•  Stabilization methods are also possible->Josh White’s talk. 
•  If shock capturing is not required, selective integration by parts 
with discontinuous bases for some fields provides finite-valued 
projections. 

•  For example, discontinuous P and continuous V is 
appropriate for some fluid computations. 



MHD for magnetic confinement provides a number of 
challenges. 
•  The familiar list includes the magnetic divergence constraint, 
singularities and singular-perturbations due to B⋅∇ , and sensitivity to 
compression of flows. 
•  Ideal MHD eigenmode codes solve the second-order, self-adjoint 
form of the system for three components of displacement: 

•  They use specially tailored basis functions that allow 
discontinuous tangential displacement across flux surfaces. 
•  Powers of independent variables are matched for all terms locally 
in integrands. 
•  Singular behavior is not within the numerical function space, but 
it can be approached by a sequence of approximations. 

•  Nonlinear non-ideal computations require higher-order derivatives 
and therefore greater continuity (unless DG is applied). 

•  Dissipation and inertia make responses regular. 
•  These small effects must be resolved; hence, difficulties with 
realistic conditions. 
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Ideal MHD Eigenmode Study:  Can we make NIMROD 
more accurate and reliable by modifying its bases? 
•  Computations with cylindrical 1D spectral elements for a single 
wavenumber vector (m,k) provides a compromise between relevance to 
NIMROD and rapid testing. 
•  The CYL_SPEC code generates matrices for generalized eigenmode 
problems (Ax-λBx=0) that are solved with LAPACK routines. 
•  It is very flexible. 

•  Basis functions in r may be global Chebyshev polynomials or 
continuous and discontinuous spectral elements of arbitrary 
polynomial degree. 
•  Systems of equations may be first or second order with an arbitrary 
number of state-vector components with different regularity 
requirements for r→0. 
•  It is possible to include or remove factors of r from the expanded 
fields. 
•  Basis vectors are orthogonal, and the two for the θ-z plane may 
rotate in r (to follow B0). 
•  There are capabilities for real and complex algebra. 



Several possible expansions for ideal-MHD have been 
considered. 

•  The inherently aligned expansion from [Gruber and Rappaz] leads to a 
second-order system for these displacement components: 
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•  Only Χ has radial derivatives. 
•  This system can reproduce ∇⋅ξ=0 and ∇⋅ξ⊥=0, identically. 

•  A second-order system for cylindrical components tests different 
expansions for NIMROD’s semi-implicit operator. 
•  First-order systems for V, B, p, and a scalar for the divergence 
constraint test possibilities for NIMROD’s expansions. 

•  Real system (Vr, Br real, rest imag) requires hyperbolic ∇⋅B control: 

•  Complex system has two forms of diffusive control: 
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•  Systems with a vector magnetic potential A have also been implemented. 



Test cases exercise formulations on the gamut of ideal-MHD. 
1.  Spectra for uniform axial field and pressure check separation of singular 

(Alfvén and sound spectra) modes and Stürmian (fast and slow) modes. 
2.  A variant with nonuniform mass density distributes the Alfvén and sound 

spectra into continua that should remain distinct from the fast and slow 
modes. 

3.  A nonuniform equilibrium that is unstable for the internal kink tests 
convergence properties with a localized feature. 

4.  Suydam stable and unstable profiles check localized interchange responses. 

Geometric convergence is 
obtained for a fast (Sturmian) 
mode with global bases. 

Discontinuities in ξθ in 
Aflvén modes computations 
with 2 (blue), 3 (red), and 4 
(black) elements. 

Axial displacement for 
an internal kink 
converges quickly with 
more than one element. 



Responses to localized interchange change significantly with 
the formulation and the basis. 
•  An equilibrium with monotonically increasing q(r) is Suydam stable for modes 
resonant outside r = 0.466. 
•  The m=4, k=-0.178 mode is resonant at rs=0.371, and Ds=0.443. 

•  Convergence for 1st-order V, B, p, ϕ formulations are plotted vs. elements (left) for 
maximum polynomial degree 4 and vs pol. degree for 40 elements (right). 
•  Computations with discontinuous p and ϕ that are 1 degree lower converge from 
the stable side. 
•  Red is closest to NIMROD: all same pol. degree, continuous, and ∇∇⋅B correction. 



Responses to localized interchange … (continued). 
•  The m=4, k=-0.15 mode is resonant at rs=0.507, and Ds=0.200. 

•  All 1st-order formulations show a growing mode for physically stable conditions. 
•  Only computations with discontinuous p and ϕ that are 1 degree lower show 
growth rates that are significantly smaller than the physically unstable case. 
•  Aligning unit vectors with B makes a small quantitative improvement with this form. 
•  The NIMROD-like expansion has a very fast mode at coarse resolution, 20 
elements and maximum polynomial degree of 4. 



The faster unstable mode computed with discontinuous p 
and ϕ that are one polynomial degree lower has a 
qualitatively correct eigenfunction with 40 elements and 
polynomial degree of 4. 

•  Oscillations become smaller with increasing resolution. 
•  The mesh spacing is uniform in all of the local interchange tests. 



Eigenfunctions for the mode in the stable case and for 
the slower mode in the unstable case are very oscillatory. 

The mode in the stable 
case shows a response 
to the resonance with 
rs=0.507. 

The oscillations excited 
in the slower mode of 
the unstable case are 
global in extent. 



With the continuous representation, V is noisy, and B 
and p are fairly smooth for stable and unstable cases. 

The converged mode in 
the unstable case 
should have Vθ larger 
than Vr. 

The magnetic field and 
pressure look physical 
in the stable case. 



Performance-wise those two expansions trade places on 
stable oscillations in uniform B0 and P0. 

•  The Χ, Λ, Ζ 2nd-order system (green diamonds) is very accurate. 
•  Continuous 2nd-order systems (not shown) have unstable modes! 
•  The expansion with discontinuous p and ϕ one degree lower (black) shows 
low-ω modes and spectral pollution above the Alfvén modes. 
•  The continuous expansion is relatively accurate but has 0-ω modes and 
extra modes in the fast range. 
•  The fourth system works well on the test cases but may be too specialized. 



Discussion: localized interchange needs a loose representation, 
but stable responses can be degraded. 
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•  Interchange involves vortex motions with little or no perpendicular 
compression. 
•  The singular response in localized interchange at marginal stability results 
from B⋅∇ξ in the magnetic advance and the B⋅∇b bending force at the 
resonance surface (x=0): 

•  If a representation is too stiff to vortex motions (possibly due to rigidity to 
compression affecting rotation numerically), the singular response is lost. 

•  This effectively makes the coefficient of the highest derivative act like a 
positive constant. 
•   The equation then has sinusoidal solutions (hence eigenmodes) for all 
positive Ds. 

•  The expansion with discontinuous p and ϕ one degree lower is relatively 
loose, which is good for interchange but bad for the stable spectrum. 
•  The continuous expansion seems to restrict rotation, which is bad for 
interchange. 



Possible implications for NIMROD:  Some 
formulations would be easier to implement than others.  
•  For linear computations without flow, implementing discontinuous fields 
should be straightforward. 

•  They can be eliminated from implicit solves at the static 
condensation step. 
•  The number of element-interior components can be made 
independent of the number of vertex and side components. 
•  DG methods may be needed for advective and other terms in 
nonlinear and linear computations with flow. 

•  Generalizing the basis vector alignment is possible. 
•  Test/basis vectors and vector operations on them can be defined. 
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•  Having different polynomial degree for different components of a vector 
field would be tricky. 

•  It may require curvilinear coordinates. 
•  Possibilities for the semi-implicit operator need further exploration. 
•  Use of the vector potential also needs more testing. 



Conclusions 
•  The 1D CYL_SPEC code enables rapid testing of different 
formulations and expansions. 

•  The second-order system with continuous velocity/
displacement components has unstable modes for profiles 
that have no free energy. 
•  The first-order system with discontinuous pressure and 
magnetic divergence field 1 polynomial degree lower is 
unique among those tested in converging on interchange 
modes from the stable side. 
•  With high-order elements, aligning unit vectors with 
magnetic fields provides only a small quantitative 
improvement for first-order systems. 

•  From the 1D results, we infer that there are finite element 
expansions that will improve NIMROD’s response for 
interchange. 


