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The objective of this work is to make NIMROD more robust
and easier to use in application to nonlinear macroscopic
extended-MHD dynamics of magnetically confined plasma.



Introduction: Convergence from the ‘stable-’ or ‘unstable-
side’ refers to numerical results for a given mode:
  Too fast/slow at low resolution?
  Will a physically stable mode grow?

Convergence results for a physically
unstable interchange mode in a cylinder
demonstrate the different behavior.

• Lütjens and Luciani (CPC 95), note that conv. from the unstable
side may be tolerable for eigenvalue computation, but it generates
high-k noise that affects nonlinear time-dependent computation.
• Resonances may occur throughout the domain.



Local interchange modes represent balances among
different physical effects at small spatial scales.
• With local MHD interchange, the physically stabilizing contribution is
singular mathematically and the drive is local.  In normalized reduced ideal
MHD:
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stabilizing bending from the singularinertia
destabilizing interchange

Φ is the streamfunction, x is flux-normal distance from the
resonance, and ω is frequency.
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Even with the ideal-MHD stability
parameter (Ds) at almost twice the
marginal value, a local interchange mode
has a nearly singular response.

Without bending, bounded solutions for
all Ds>0 (eigenmodes) exist for ω2<0.



With non-reduced, primitive-variable equations, several
numerical operations have to work well together at the
limit of resolution to produce the stabilizing effect.
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A " #$2 % F2 ; F " k &B = kxBx + kzBz ~ x2  (Alfven spectrum is A = 0.)
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• A relatively simple example is compressible g-mode analysis with mass
density increasing in y, supported by JzBx.

Substitute continuity into y-
comp of momentum eqn.A in numerator is from B⋅∇b & B⋅∇ξ.

Denominator & y-derivs are from eliminating ∇⋅ξ with total
pressure and different comps of momentum equation.

• Numerically, mesh-scale perturbations tend to excite the destabilizing
part while missing most or all of the stabilizing part.



Typical nonlinear time-dependent computations are not
ideal, but regions with low resolution effectively are.

• Efficient computation typically requires some nonuniform
distribution of numerical meshing.
• Dimensionless parameters computed with mesh spacing as the
length scale indicates whether some part of the domain is
influenced by dissipation.  For example:

Cell Lundquist:
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vAµ0"x
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Cell Reynolds:
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Rc =
V"x

#

etc.

• We avoid numerical dissipation as much as possible to
• allow accurate simulation of high-temperature plasma and
• avoid numerically increasing tearing-mode growth rates.

• However, under-resolved undamped linear modes cause nonlinear
simulations to crash.

large, small ??
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CYL_SPEC is being used to investigate many possible
expansions and formulations.
• 1D cylindrical geometry with                              is a compromise
between non-trivial geometry and rapid development.
• Run-time parameters are used to select basis functions.

• Basis functions in r may be continuous and discontinuous spectral
elements of arbitrary polynomial degree.
• Basis vectors are orthogonal, and the two for the θ-z plane may
rotate in r to follow B0:                     .

• Changing formulations requires minimal coding.
• Three configurations are considered: 1) uniform Bz to check stable
waves, 2&3) a peaked-pressure profile where Ds decreases
monotonically in radius, and m=4 is stable/unstable depending on kz.

• Modes resonant outside r = 0.466 are stable.
• For kz=-1.5, rs=0.507, and Ds=0.200; for kz=-1.78, rs=0.371, and Ds=0.443.
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Approaches and Findings: While stable-side
convergence with no unphysical stable modes may not
be attainable, the study has produced useful information.
To summarize before presenting specific results:
1. Have the mesh spacing ~sqrt(iel/Nel), i.e. equal areas, near r=0.
2. Divergence cleaning with an auxiliary discontinuous scalar field helps

reduce artificial resistive effects at low resolution.
3. A reasonable compromise might be continuous expansions (except

divergence cleaner) with pressure of higher polynomial degree than
others.

4. Discontinuous pressure (plasma or total) helps interchange stability but
leads to many stable numerical modes, and physical dissipation terms
cannot be added without surface flux computations.

5. A limited use of FE ‘stabilization’ methods may help.  Only some results
show improvement; others are show further destabilization.

6. Penalty energies that are effective for ideal eigenvalue computation
(Degtyarev, CPC 43) are not well suited for systems with first-order time-
derivatives.



2. With few elements and lower-order bases, the standard
divergence cleaner allows more artificial reconnection.
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• Our divergence cleaning is based on diffusion of error:

• The ∇ϕ term is integrated by parts in weak form, so the auxiliary
scalar may be discontinuous across element borders.

Computations for the physically stable kz=-1.5, Ds=0.200
mode show less numerical growth with a discontinuous
auxiliary scalar (of degree one less than that of B, V, and
p) for h- and p-method.

The eigenmode with χb1≠0,
χb2=0  shows less artificial
reconnection in 40-element,
pd=4 results.



Using the discontinuous auxiliary scalar of polynomial
degree one smaller than other fields also eliminates most
numerical modes from the uniform-background spectra.*

*With continuous physical field expansions of the same polynomial degree.

• In nonlinear computation, stable near-zero-frequency modes would
collect noise, eventually leading to aliasing errors if not damped.



3. Continuous expansions of differing polynomial degree
among V, B, p yield effective stable-side convergence.

• Results for the kz=-1.5, Ds=0.443 mode show significantly smaller growth rates
when the degree of the p expansion is increased or that of the V is decreased.
• With V-degree reduced, either divergence cleaning method may be used.
• Including a parallel pressure diffusivity of 0.1 a2/τA in computations with increased
p polyn. degree produces damping rates of 10-8 to 10-7 in 20-80 element
computations and reduces growth with 160.

Growth with varying number of elements. Growth with Nel=20 and varying bases.



The representations with differing polynomial degree
among V, B, p converge on physically unstable modes.

• Results for the physically unstable kz=-1.78, Ds=0.443 mode require
somewhat more resolution to find the mode than representations with the
same polynomial degree for all physical fields.
• Including a parallel pressure diffusivity of 0.1 a2/τA has a negligible effect
on the kz=-1.78 computations with 80 and 160 elements.

Growth with varying number of elements. Growth with Nel=20 and varying bases.



Stable numerical modes occur with varying poly-
nomial degree among V, B, p, however.

• Physical dissipation mechanisms can damp at least some of the
numerical modes, but parallel pressure diffusion has a weak effect on the
near-zero-frequency modes with the pressure representation at increased
polynomial degree.



A branch of NIMROD allows varying polynomial degree
among physical fields (results shown at Sherwood).

Vφ component of eigenmodes for the
MHD (top) and 2-fluid (bottom) models.

• The dens8 MHD computation has a 48
×64 mesh, and the 2-fluid computations
have a 42×96 mesh.

• With reduced-V, a nonlinear test of the
cylindrical results crashes somewhat
sooner due to nonlinear noise.

• Linear results on the same cylindrical interchange problem and on the dens8
ELM case show stable-side convergence with the V expansion reduced.



4. Discontinuous scalars (ϕ and p) of one polynomial degree
less than the vector-field expansions improves convergence
properties with respect to interchange (results from last year).
• Note: these older computations have uniform mesh spacing.

• Computations with discontinuous p and ϕ that are 1 degree lower show smaller
numerical growth than continuous representations of the same polynomial degree.
• The results are not as good as reducing the degree for V or increasing that of p.



Test results on stable oscillations are not favorable for the
expansions with discontinuous scalars.

• The Χ, Λ, Ζ 2nd-order system (green diamonds) is very accurate.
• The expansion with discontinuous p and ϕ one degree lower (black) shows
low-ω modes and spectral pollution above the Alfvén modes.



5. Finite-element ‘stabilization’ methods are intended to
limit high-wavenumber noise.
• Pioneered by T.J.R. Hughes and coworkers for incompressible Stokes flow
and incompressible Navier-Stokes flow.
• Last year, Josh White from LLNL described their use for advection.
• In general, modifications to weight functions are terms that appear similar
to physical operators to generate quadratic energy terms.
• For ideal-MHD, the following weak form (with a, w, q, and λ being the
standard Galerkin test functions) is being considered:
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Ideal-MHD eigenmode results with the ‘stabilization’
method are not confidence-inspiring.

• The only term that improves stability in more than one or two
cases is the one added to Faraday’s law.

• It reduces growth in low-resolution kz=-1.5 Suydam tests.

• It damps the numerical modes in the uniform-background
cases with V, B, and p of the same polynomial degree.

• It can also destabilize modes, depending on the coefficient.

• The factors implemented in CYL_SPEC are proportional to the
square of the mesh spacing.

• Some methods are conditionally stable, and determining
stability limits for coefficients is not trivial, even for simpler
systems.



6. The penalty method has been applied to hybrid eigenvalue
computations solving displacement.  Can it work with V, B, & p?

• Degtyarev (CPC 43) proposed and analyzed a numerical penalty
energy for low-order hybrid finite elements.

• Hybrids use more than one expansion, coupled by integral
relations, for the same physical quantity.
• Like our first-order systems, hybrids converge from the unstable
side.

• An auxiliary eigenvalue problem focuses on the bending term.
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The numerical penalty is motivated by errors from low-order
approximations.

• Degtyarev applies the following relation for piecewise linear expansion.

to show that a general hybrid form of the auxiliary problem
produces
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where α and β depend on the hybrid formulation.
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• He adds a numerical penalty energy to cancel the error.  With u being
the field in the singular term, the penalty energy is proportional to
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We would also like to penalize parallel vorticity at the limit of
resolution in our first-order systems with respect to time.
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• With homogeneous boundary conditions on the radial components of
velocity and magnetic field at the wall, the first-order ideal linear MHD
system for stationary equilibria satisfies the following for all test functions:

• The functions ui, ai, qi, and ηi are test functions.
• The last term in Wij is a parallel-vorticity penalty for interchange.  With a
first-order system in time, it adds dispersive waves.



A numerical term proportional to mesh spacing would
prohibit geometric convergence with spectral elements.

• Instead, we may project penalty contributions from the orthogonal
polynomial of highest degree in a spectral-element expansion.

• In the penalty energy, compute b⋅∇×vj from particular polynomial
projections only and similarly for b⋅∇×ui.

• Note that numerically growth tends to concentrate at element borders.

Parallel vorticity computed from the
same eigenmode.

Cross component of velocity from a
physically stable computation with 20
elements and polynomials of degree 6.



Linear combinations of polynomials of high degree can be
penalized to limit displacement near element borders.

• This is also consistent with a spectral approach.

Two combinations of L3 and L2. Two combinations of L8 and L7.

• Each of the combinations is penalized in a series of computations
that were performed with the grad(div(b)) cleaner and uniform mesh
spacing.



The new penalty energy reduces growth rates at low resolution
in the unstable case, but there are also destabilizing effects at
high resolution.
• All fields have polynomials bases of the same degree, like standard NIMROD.

Convergence for the physically
unstable case with a fixed number of
elements (40).

Results for the physically unstable case
with a fixed polynomial degree (4).



The new penalty energy has a large effect on the physically
stable mode at low resolution.

Convergence for the physically stable
case with a fixed number of elements (40).

Results for the physically stable case with
a fixed polynomial degree (4).

• It is possible that the dispersive term is making the condition number so
large that it affects the eigenvalue results.



Conclusions

1. Have the mesh spacing ~sqrt(iel/Nel), i.e. equal areas, near r=0.

2. Divergence cleaning with an auxiliary discontinuous scalar field helps
reduce artificial resistive effects at low resolution.

3. A reasonable compromise might be continuous expansions (except
divergence cleaner) with pressure of higher polynomial degree than
others.

4. Discontinuous pressure (plasma or total) helps interchange stability but
leads to many stable numerical modes, and physical dissipation terms
cannot be added without surface flux computations.

5. A limited use of FE ‘stabilization’ methods may help.  Only some results
show improvement; others are show further destabilization.

6. Penalty energies that are effective for ideal eigenvalue computation
(Degtyarev, CPC 43) are not well suited for systems with first-order time-
derivatives.

Work continues ….





Previous work examined numerical convergence on
interchange with low-order methods.
• MHD eigenvalue solver representations:

• Gruber and Rappaz (Springer-Verlag, ‘85) use low-order finite elements
in flux coordinates with the continuity of each ideal displacement
component tailored to allow ∇⋅ξ=0 in each element of ERATO
computations.

• They introduced a hybrid method, with extra expansions related by
element integrals to allow convergence from the unstable side.

• Degtyarev (CPC 43) applied a penalty method in variational
computations to control numerical modes.
• Bondeson and Fu (CPC 66) applied a ‘Tunable Integration Scheme’ to
adjust convergence behavior in ideal MARS computations.

• Nonlinear computations:
• Lütjens and Luciani (CPC 95) use a piecewise quadratic expansion of
magnetic flux with piecewise linear streamfunction to achieve stable-side
convergence in resistive computations with XTOR.



Recall (from Sherwood) that reducing the polynomial degree
of V with the grad(div(b)) divergence cleaner allows
significant growth of the stable mode at high resolution.

• These computations use uniform mesh spacing in r.  Interchange computations
with the auxiliary scalar have mesh spacing ~sqrt(element index).

• CYL_SPEC uses Fourier expansions in the azimuthal and axial directions, and
the q-profile is monotonic, so no other mode should be present.



The expansion with both P and V at lower polynomial
degree than that for B is more accurate for stable m=1
oscillations in uniform axial field.

• Computations with the first-order systems use four elements.
• All of the continuous expansions have at least one zero-frequency mode,
however.
• NIMROD computations with 2D elements develop growing noise with
both P and V reduced.


