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Outline 
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•  Results from 1D analysis 
•  Results with NIMROD 
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•  Conclusions 

Benefits of the NIMEIG representation can be obtained 
without major changes to NIMROD by using projections for 
parallel vorticity and flow-divergence. 



Introduction: MHD interchange instability represents a 
competition between the destabilizing influence of bad 
curvature and the stabilizing influence of field-line bending.  
•  With magnetic shear, bending vanishes at resonant surfaces 
(where kB=0), leading to local interchange modes. 
•  The flow patterns that induce restoring B-bending adjacent to 
resonances are nearly incompressible. 

Imaginary Vφ illustrates a cylindrical 
m=3 mode that is resonant at r = 0.27. 

Zoomed with real Vpol components. 



Numerically, interchange is problematic if convergence 
is from the unstable side.  

•  With temporally first-order systems, restoring terms are not 
coercive with direct application of the finite-element method. 

•  This is the case for NIMROD’s expansion of the primitive-
variables of the system (V, B, n, T). 

•  Unresolved ideal interchange modes grow too fast. 
•  Modes grow in conditions where they are physically stable. 

•  This can lead to a numerical (not model) ‘ultra-violet 
catastrophe’ in nonlinear computations. 
•  Viscous damping can stabilize mesh/node-scale growth 
at the price of affecting physics or requiring otherwise-
unnecessary spatial resolution. 

•  The extended-MHD dilemma is that physical dissipation is important but 
small, and there are sources of energy at small scales. 



Two approaches that made the short list in terms of 1D 
(CYL_SPEC) analysis are 1) reducing the V-expansion and 
2) using JAi components with parallel-vorticity projection.  

•  Reducing the polynomial degree of V with respect to the 
expansions for other fields converges from the stable side in 
CYL_SPEC results on physically unstable modes. 

•  Linear interchange tests with a NIMROD implementation 
seems promising (Sherwood, 2011). 
•  Nonlinear interchange evolution develops noise sooner than 
the conventional representation. 

•  Expanding JAi vector components with discontinuous scalars 
provides a representation that is sensitive to divergence at all scales. 

•  Projecting and stabilizing parallel vorticity provids robust 
stabilization from the stable side in 1D tests. 
•  NIMEIG 2D analysis finds other 0-frequency modes. 



Spectral projection: More extensive use provides 
an easier approach to stable-side convergence. 
Spectral projection is effective on parallel vorticity, so apply it to 
flow-divergence, also. 
•  Spectral filtering has been used to stabilize spectral-element 

computations of incompressible flow. [Fischer and Mullen, C. 
R. Acad. Sci. Paris 332, 265 (2001).] 
•  In this paper, interpolation-based projection damps all 

vector-components of highest polynomial-degree for V. 
•  It is used to stabilize computation at large Reynolds 

number. 
•  ‘Spectral projection’ for NIMROD means damping or 

propagating the highest-order polynomial in the spectral-
element space. 

•  Projection can target specific behavior, such as divergence, 
perpendicular divergence, and/or parallel vorticity in MHD.  



With the approach considered here, divergence and parallel 
vorticity are projected onto Legendre polynomials that are of 
highest degree in one of the two logical coordinates. 

For bicubic V, the discontinuous fields for projection are N=3 Legendre polynomials 
in one of the two logical coordinates and a full expansion in the other. (4 of 7 shown)  



Auxiliary fields associated with projection can be used 
for either hyperbolic or diffusive stabilization. 

Hyperbolic (loosely): d
dt
V = ρ−1F+ fdcm∇σ + fvcAb̂×∇λ
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Diffusive (loosely): 
d
dt
V = ρ−1F+ ddcm

2Δt( )
1/2

∇σ + dvcA
2Δt( )

1/2
b̂×∇λ

σ = ddcm
2Δt( )

1/2
∇⋅V

λ = dvcA
2Δt( )

1/2
b̂ ⋅∇×V

where F is the physical force density, cA is the Alfven speed, cm is 
the magneto-acoustic speed, and Δt is the NIMROD timestep. 



The weak form of the hyperbolic approach shows how 
projection is used. 

ρW∗ ⋅
d
dt
VdVol∫ = W∗ ⋅FdVol∫ − fd σ

B2

µ0
+γP

%

&
''

(

)
**

1/2

∇⋅W∗ dVol∫

− fvµ0
−1/2 λB ⋅∇×W∗ dVol∫

υ∗
∂
∂t
σ dVol∫ = fd υ∗

B2

µ0
+γP

%

&
''

(

)
**

1/2

∇⋅VdVol∫

µ∗
∂
∂t
λ dVol∫ = fvµ0

−1/2 µ∗B ⋅∇×VdVol∫

for all W in the continuous 3-vector space used for V and for all 
υ and µ in the discontinuous projection set used for σ and λ, 
respectively. 

•  Surface terms and gradients of background fields are discarded. 

•  Overlap with pressure and J✕B responses only occurs at the limit 
of resolution, where the physics is represented poorly. 



1D Analysis: The hyperbolic and diffusive 
methods have been evaluated with CYL_SPEC. 

•  1D cylindrical geometry with                              is a compromise 
between non-trivial geometry and rapid testing. 

•  MHD wave spectra are tested with uniform Bz and uniform pressure. 
•  Numerical properties on local interchange are tested with a peaked-
pressure profile where Ds decreases monotonically in radius, and m=4 is 
stable/unstable depending on kz. 

•  Modes resonant outside r = 0.466 are stable. 

•  For kz=-1.5, rs=0.507, and Ds=0.200 

•  For kz=-1.78, rs=0.371, and Ds=0.443. 
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Eigenvalue results for m=1 waves in uniform-B, β=Γ=1, for 
the hyperbolic method show little pollution. 

This linear-scale plot shows critical low-
frequency behavior. 

The ‘XLZ’ results are computed with 
global Chebyshev polynomials and are 
accurate. 

•  The new results here are the two right-most columns in each plot. 
•  Wave speeds for the penalties are 0.1 for div(V) and 0.01 for B�curl(V). 
•  With 4 elements, eight 0-frequency modes occur with the hyperbolic 
method, and the eigenfunctions are dominantly auxiliary-field shapes. 



The physically stable Suydam test shows that both divergence 
and vorticity corrections are important for mitigating 
unphysical growth. 
•  This test case has β=14%, m=4, k=-1.5, rs=0.507 and Ds(rs)=0.200. 

•  The hyperbolic method is used in these poly_deg=4 computations. 
•  Neither the vorticity penalty alone (blue) nor the divergence penalty 
alone (not shown) keep the growth-rate small. 
•  Complete stabilization is not obtained (unlike the 1D JA⋅∇ui results). 



The diffusive method is also helpful, particularly at low 
resolution. 

•  Green triangles show the hyperbolic method for comparison. 
•  The diffusive-method results have diffusive div(B) control; hyperbolic-
method results have hyperbolic div(B) propagation. 

Growth rates for uniformly spaced quartic 
elements, varying the number of 
elements. 

Growth rates with 20 elements, varying 
the polynomial degree. 



Both hyperbolic and diffusive methods converge from the 
stable side for the physically unstable case. 
•  This test case has m=4, k=-1.78, rs=0.371 and Ds(rs)=0.443. 

•  The hyperbolic-method shows no unstable mode with 20 elements. 
•  The diffusive method always produces growing modes; the low-resolution 
ones are overstable. 

Comparison of the hyperbolic method 
with computations without projection 
(black). 

Purple and magenta lines show diffusive-
method results. 



Projections in NIMROD: After implementation and initial 
testing, the practicality and effectiveness of projecting are 
promising. 

•  The implementation incorporates a new modal-basis module with 
modifications that were developed for representing different fields with 
bases of differing polynomial degree. 

•  Integrand routines for advancing V have new terms and equations 
for the projections. 

•  Other coding for physical terms is unchanged. 

•  Tests of linear, initial-value behavior include: 
•  The same cylindrical profiles used with CYL_SPEC for testing local 
interchange, 

•  Sheared-slab tearing profiles, and 

•  The circular cross-section, toroidal dens8 ELM profiles. 



Time-dependent, linear NIMROD computations confirm the 
stabilizing effects when the V-projections include dissipation. 

•  With hyperbolic projection, dissipation can be achieved with some 
backward temporal differencing of the projection equations. 

•  Computations for a physically stable m=3, Ds=0.224 case show no 
growth over 10,000s of time-steps with Alfvénic artificial wave speeds. 

•  Convergence on the physically unstable m=4 is from the stable side. 

NIMROD and CYL_SPEC hyp. projection 
results on the physically unstable case. 

•  Diffusive projection is more prone to 
slow overstable growth at low 
resolution in the physically unstable 
profile. 

•  The projections are effective for MHD 
ELM computations. 

•  Determining optimal coefficients is an 
open task.  

•  V-projection does not seem to help 
problematic 2-fluid cases. 



A variant of the cylindrical problem that is physically 
unstable to interchange is a first nonlinear test. 
•  The region 0 ≤ r ≤ 0.466 is Suydam-unstable. 
•  With Lz=4π/3, the (3,1) mode resonant at 0.265 and the (7,2) 

mode resonant at 0.404 are unstable.  The (4,1) mode is 
resonant at 0.5 and is stable. 

•  τA = Lz/cA = 4π/3; τr = a2µ0/η = 108; Pm=100 
•  Dn= η/µ0; χiso = 20η/µ0	


•  The mesh is 24✕28 of polynomial-degree 6 elements with 
0≤n≤10 Fourier representation of the axial direction. 

•  The case with projection uses the diffusive method (dd=1, 
dv=0.3). 

•  The case without projection is started from t=3200 of the case 
with projection. 

•  When applied to this problem, the previously considered 
reduced-V approach is noisier than our conventional 
representation. 



The case with projection recovers from MHD events, 
whereas the case without projection accumulates noise. 

•  Both cases are under-resolved, but projection helps damp the 
largest-n modes. 

Kinetic fluctuation energies for the case 
with diffusive projection.  (Vertical lines 
show approximate duration of the case 
without projection.) 

Evolution without projection is over a 
shorter time, and energies become 10 
times larger. 



With MHD, evolution of magnetic fluctuation energies is 
also influenced by the V-projection. 

•  Magnetic divergence error (not shown) remains controlled with 
V-projection, but gets large, O(1), without it. 

Magnetic fluctuation energies for the case 
with diffusive projection. 

Without projection, the largest-n energy is 
greater than most of the others by t=5700. 



Turbulent MHD activity is evident from the temperature 
profiles and the V-vectors in both cases. 

Vortices and temperature fluctuations are 
small-scale but not noisy at the end of the 
case with projection. 

Velocity is noisy at the end of the case 
without projection, and temperature 
appears to have more blobs. 



More testing is needed, even for MHD. 

•  The same nonlinear case can be tested in less dissipative 
conditions. 

•  Hyperbolic projection would tend to avoid numerical 
dissipation in nonlinear computations, but the beneficial 
smoothing may be lost. 

•  Nonlinear MHD ELM evolution should benefit from 
projection. 

•  A comparison with direct filtering of V (a la Fischer and 
Mullen) would prove or disprove the need for projecting 
divergence and parallel vorticity. 



Discussion 
•  The NIMROD development branch (of nimuw) that includes the 

projection method has other changes that won’t be necessary. 
•  Running nonlinear computations required modification of the 3D 

matrix-free solver. 
•  Can we eliminate the optional 2D matvec matrices? 
•  Let’s eliminate the native ILU preconditioner, too. 

•  The projection equations have different numerical scaling than 
the coupled velocity equations. 
•  So far, tests have been on problems with normalized units. 
•  An equilibration step may be possible at the cost of 

efficiency. 
•  New development efforts might try projection for cleaning-up 2-

fluid contributions to E and/or adding a form of hyper-resistivity. 
•  New development can apply this mixed method for thermal 

conduction. 



Conclusions 
•  Projecting parallel vorticity and flow-divergence at the limit of 
spectral-element resolution while retaining the NIMROD 
expansion for physical fields is a practical approach for controlling 
numerical interchange. 

•  Hyperbolic and diffusive methods are possible. 

•  Linear tests in NIMROD largely confirm 1D CYL_SPEC 
eigenmodes results. 

•  Diffusive projection provides smoothing in a nonlinear 
interchange computation. 



old slides 



Local interchange drives small spatial scales, and the physical 
bending energy is critical.  
•  With local MHD interchange, the physically stabilizing contribution is 
singular mathematically, and the drive is local.  In normalized reduced ideal 
MHD: 
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stabilizing bending from the singular  inertia 
destabilizing interchange 

Φ is the streamfunction, x is flux-normal distance from the 
resonance, and ω is frequency.	
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•  Analytically, all eigenvalues σ of                     for oscillatory solutions 
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With non-reduced, primitive-variable equations, several 
numerical operations have to work well together at the 
limit of resolution to produce the stabilizing effect. 
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A ≡ ρω2 − F2 ; F ≡ k ⋅B = kxBx + kzBz ~ x2  (Alfven spectrum is A = 0.)

€ 

S ≡ ρω2 B2 + γP( )− F2γP    ('sound'  spectrum is S = 0.)

•  A relatively simple example is compressible g-mode analysis with mass 
density increasing in y, supported by JzBx. 

Substitute continuity into y-
comp of momentum eqn. A in numerator is from B⋅∇b & B⋅∇ξ. 

Denominator & y-derivs are from eliminating ∇⋅ξ with total 
pressure and different comps of momentum equation. 

•  Numerical response to divergence of flow at small scales is important. 


