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Goals

BLAST is a high-order finite elements code1 used for calculation of
mulit-material shock hydrodynamics problems using an arbitrary
Lagrangian-Eulerian (ALE) formulation based on separate Lagrangian and
Remap phases. Recently BLAST was extended to include magnetic field
diffusion using an H(div) compatible finite element basis, which conserves the
∇ · ~B = 0 constraint exactly during the Lagrangian evolution. During the
Remap phase we require that the high-order spatial discretization and
∇ · ~B = 0 properties are preserved.

Magnetohydrodynamics Equations

Hydrodynamics Equations:

Conservation Law Lagrangian Phase Remap Phase

Mass
dρ

dt
= −ρ∇ · ~v dρ

dτ
= ~u · ∇ρ

Momentum ρ
d~v

dt
= ∇ · π dρ~v

dτ
= ~u · ∇ (ρ~v)

Energy ρ
de

dt
= π : ∇~v dρe

dτ
= ~u · ∇ (ρe)

The stress tensor, π, includes the Maxwell Stress from ~B .

Magnetic diffusion equations (Lagrangian phase):

Charge Conservation: ∇ · σ∇φ = 0

Ampère’s Law: σ~E ind = ∇× 1

µ
~B + σ∇φ

Faraday’s Law:
d~B

dt
= −∇× ~E ind

Magnetic advection equation (Remap phase):

d~B

dτ
= −∇×

(
~u × ~B

)

Ultimately, this is the equation that we must discretize with the desired
properties.

Approach

Previous codes have implemented low-order discretizations of this MHD
advection.2 However, we require high-order spatial discretization. The
advection equation can be split by introducing an auxilary variable, the
pseudo-electric field.

d~B

dτ
= −∇× ~E

~E = ~u × ~B

~B is discretized with a H(div) finite element representation, while ~E is
discretized with a H(curl) finite element representation. By constructing the
variational form of these equations, we arrive at a set of coupled ODEs in
pseudo-time for the degrees of freedom (DoF) representing ~B .

db
dτ

= −CM−1
1 Ub

Here C is the metric-free discrete curl operator, M1 is the mass matrix of the
H(curl) finite element basis functions, and U corresponds to the bilinear

operator
〈
~u × ~β, ~ψ

〉
, where ~ψ ∈ H(curl) and ~β ∈ H(div).

MiniApp Results

To isolate the Remap problem from the rest of the BLAST code, a MiniApp
was developed using the MFEM finite element library, the same library used by
BLAST. This MiniApp initializes a magnetic field and utilizes the outlined
method to keep the field spatially stationary while the mesh is distorted.
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(a) Convergence study comparing the remap
method and the exact solution projected onto
the distorted mesh.

(b) The relative magnitude of error in ~B over

the distorted mesh. The direction of ~B is out
of the page.

Figure: Error from the remap is concentrated in element corners that are strongly distorted.

BLAST Results

This method was implemented in the BLAST code. Initial tests indicate that
the remap can introduce large numerical damping when cases are run in a
purely Eulerian mode. This method may also be subject to producing
numerical noise when steep gradients in magnetic field are present.

(a) Lagrangian (b) Periodic ALE

Figure: Comparison of BLAST results for the magnetic Sedov blast wave problem. There is not
nearly as much rarefaction or compression of ~B when the remap phase is included. The amount
of damping present is much greater than expected from numericaly damping due to the
pseudo-time advance.

Conclusion

Based on analysis from the MiniApp, we believe that this method produces
high-order spatial convergence, but the tests are not strictly conclusive. The
time integration somewhat confounds these results since it contributes
significantly to the error when spatial discretization error is very small.
Additionally, the BLAST results might indicate that the formulation is
incomplete since there is excessive smearing of the magnetic field as a result
of the remap.
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