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Computational development: 
Carl Sovinec opened the meeting with two topics: 1) conservation properties in fluid systems 
with artificial particle diffusivity and 2) new efforts to improve 3D algebraic solves.  The 
artificial particle diffusion term does not come from a standard moment integral, and when 
converting the conservative form of momentum density and energy density equations to 
evolution equations for flow velocity and temperature, it leads to new terms in each equation.  
The presentation summarizes results for these terms, and the details of the derivation can be 
found in report UW-CPTC 19-2 (https://cptc.wisc.edu/report/).  Recommendations for two-
temperature and Hall-MHD computations, and development for conserving energy through order 
me/mi, were also presented.  Regarding 3D solves, Sovinec has found that adding full 1D solves 
over the periodic angle does not improve convergence when combined with direct solves over 
the poloidal plane.  This conclusion comes from magnetic diffusion tests with resistivity varying 
over the periodic angle, and it runs counter to expectations from previous work and from 
discussions with computational solver experts.  Further work shows that modifying NIMROD's 
static condensation to include toroidal coupling significantly reduces iteration counts on the same 
tests, but whether a fast implementation is possible needs to be determined. 
Brian Cornille has been investigating possible uses and benefits of H(curl) elements in 
NIMROD.  This was originally motivated by work on the first-order systems least squares 
(FOSLS) method.  FOSLS had been proposed as a means to improve the stability of the 
magnetic advance with the Hall-MHD Ohm's law, and the best representations for it either have 
vector potential or electric field in the H(curl) vector space.  Cornille summarized his 
investigation of FOSLS on the electron-MHD system, including checks of variable- and 
equation-scaling.  So far, unresolved numerical difficulties have impeded efforts to get a 
definitive conclusion on applying FOSLS.  This prompted a new effort on vacuum-field 
representation, where H(curl) elements are known to be effective.  Cornille's intent is to compare 
H(curl) vectors, H1 scalar-potentials, and H1 vectors, particularly for problems with sharp and 
reentrant corners, where mathematical singularity is problematic for H1 spaces. 
Trevor Taylor is working to improve the delta-f PIC module by making the particle search and 
kinetic deposition use high-order bases.  He is particularly interested in "serendipity" elements 
that minimize the number of degrees of freedom for completing polynomials of two or more 
variables through a consistent degree.  He reviewed the process for generating serendipity 
elements, showed example bases, and then discussed particle-tracking results for magnetic field 
from a DIII-D equilibrium.  The tests compare particle tracking with 2D conventional and 
serendipity elements when varying the maximum polynomial degree for each element type.  
Tests that increase the polynomial degree (p) show convergence as p is increased, but the source 
of discrepancies between serendipity and standard elements is not clear at this point. 
Andrew Spencer presented his work on improving the accuracy of collision operators for drift-
kinetic computations with NIMROD.  The terms for the field responses, where the test particles 
have a Maxwellian distribution and background particles are kinetic distortions, need to be 
evaluated through Rosenbluth potentials.  However, the kernels have singular integrands.  Direct 
numerical integration over pitch-angle converges quite slowly, so Spencer is using Huré's 
method that separates the singular part, which is then evaluated symbolically.  The residual part 
is a smooth function, and numerical integration shows that a given level of accuracy can be 
achieved with approximately two orders of magnitude fewer numerical integration points. 
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Brett Adair [slightly later in the meeting presentation order] presented related work on 
addressing the singularity in the speed variable for these field operator terms.  The basis 
functions for speed are either non-classical orthogonal polynomials or conventional Lagrange 
polynomials.  Besides the singularity, the integrands are oscillatory.  His previous approach split 
the v/v' coordinate into three segments to deal with the singularity at unity and to handle behavior 
as the ratio gets large.  The same expansion and integration scheme had been used for all three 
segments in v/v'.  The new approach still splits the speed coordinate into three segments, but it 
uses specialized expansions and integration methods for each.  Test results show that 
approximately 10 or less integration points are needed for accuracy for each term with the new 
method, which improves practicality considerably, given that integration over pitch-angle 
(Spencer's presentation) is needed at each speed integration point. 
Alex Sainterme gave a presentation on his undergrad thesis work, where he investigated possible 
improvements to NIMROD's matrix-vector (matvec) multiplications and the use of a 
symmetric/Hermitian-capable solver.  The former involved re-writing matvec products for 
NIMROD data structures using BLAS calls for vector-vector products instead of Fortran-
intrinsic multiplications and sum operation for array segments.  Sainterme showed an example of 
how coding was modified and results from a set of tests that compared the two approaches either 
with stand-alone code or within NIMROD computations.  Most of his tests were run on older 
Linux workstations, but NIMROD tests were also run on Cori KNL, where the MKL version of 
BLAS is tuned for the architecture.  Standalone tests without optimization show the BLAS 
version saving more than half of the matvec time, but with optimization, the two approaches 
produce similar results.  On Cori KNL, the MKL BLAS version reliably reduces NIMROD's 
matvec time by approximately 20% on a realistic-sized problem.  Sainterme investigated the 
Pardiso solver by revising library calls that were developed by Jake King.  Using the new version 
of Pardiso eliminates the accuracy problem of the older version (which is in MKL).  Calling non-
symmetric Pardiso solves is slower than using SuperLU_DIST, and the new version of Pardiso 
may not allow distributed-memory parallelism.  Comparison of symmetric and non-symmetric 
Pardiso operations shows that performance gains are largely in matrix factorization. 
Jacob King has been working on turning NIMROD into a multi-species code.  He described the 
implications of using "consistent" kinetic EFIT data, where transport and equilibrium profiles are 
iterated to convergence, and multiple impurity species, including beam particles contribute.  
Macroscopic modeling that takes advantage of this information needs multiple species to have 
correct temperature profiles and transport coefficients.  For the moment equations, quasi-
neutrality eliminates one of the continuity equations.  The center-of-mass (COM) flow-velocity 
evolution has multiple inertial terms, but it reverts to conventional form with the assumption of 
rapid flow equilibration.  Similarly, a common ion temperature equation is appropriate for rapid 
thermal equilibration.  King proposed a new array-based approach for species particle densities 
that would make multi-species computations tractable with the rapid-equilibration assumptions.  
This development would impact the way radiation modeling is handled through KPRAD, so the 
developments are in a separate branch for now.  Discussion among meeting attendees reached 
consensus on merging these changes, but King will also coordinate with other NIMROD Team 
members. 

Physical model development: 
Hankyu Lee presented his work on implementing general moment equations in NIMROD.  The 
equations are derived from the drift kinetic equations using Jeong-Young Ji's general moment 
method with Legendre polynomials in pitch-angle and Laguerre polynomials in speed.  The 
evolution equations are for the set of time- and space-dependent coefficients for these basis 
functions.  Lee reviewed previous results on polynomial convergence for heat-flux closure in 
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slab geometry.  He then considered behavior on a large aspect-ratio tokamak test case.  The (4,2) 
expansion should be the same as Braginskii, but his implementation is running into a numerical 
instability that does not occur when running the conventional Braginskii implementation.  He is 
evaluating the general-moment relations on the results computed with Braginskii to help 
understand the numerical issue. 
Sina Taheri reviewed his implementation of a dynamic neutral model that includes ionization, 
recombination, and charge exchange.  He has tested it on wave computations in the presence of 
neutrals, which he also solved analytically as eigenmode problems.  Numerical shear-wave 
results match analytics, but there is a discrepancy in compressional results—possibly due to 
initial conditions.  He is applying this modeling to simulations of the FUZE flowing z-pinch 
experiment.  He is focusing on the acceleration section and needs open boundary conditions on 
the downstream end.  They have been implemented for density, flow velocity, and temperature 
through explicit and implicit surface terms.  Without neutrals, slab-geometry results agree well 
with a 1D analytical model.  With neutrals, charge-exchange is the dominant interaction.  Taheri 
has run cylindrical geometry cases, where the "blow-by" effect from radially varying magnetic 
pressure is evident. 
Tyler Markham presented his work on including a relativistic drift kinetic equation (DKE) for 
modeling runaway electrons (REs).  The implementation will use NIMROD's continuum kinetics 
machinery, and it will include synchrotron radiation and relativistic effects in the Coulomb 
collision operator.  Markham described the model from Cary and Brizzard and noted that he will 
be able to benchmark with the NORSE code.  He described how relativity affects an otherwise-
Maxwellian particle distribution.  He also described a Spitzer-like acceleration problem that has 
synchrotron radiation but not collisions, and he showed initial results from computations.  He has 
implemented source terms and modifications to the collision operator and will benchmark 
computational results with NORSE. 
Ge Wang is implementing a reduced model of REs, which is expected to be computationally 
practical in 3D disruption modeling.  The model is based on previous work by Helander and by 
Cai and Fu, where it was primarily used for linear stability analysis.  The RE distribution is 
approximated as a delta function that represents drift motion perpendicular to B and relativistic 
propagation along B.  Its propagation in space is modeled by a continuity equation, which has 
been implemented using the least-squares finite-element method to provide better stability for 
implicit computations.  Wang presented test results for cylindrical and toroidal geometries, 
showing stable parallel propagation of a perturbation at large time-step.  He also described the 
coupling with the rest of the MHD equations and noted the challenge of finding meaningful RE 
equilibrium spatial distributions.  This is motivating work on the modeling that is needed for 
nonlinear axisymmetric computations that can produce equilibrium RE spatial distributions. 

Applications: 
Joseph Jepson is applying the delta-F continuum kinetics model to poloidal flow damping, where 
there is an analytical model for steady-state results.  He described the first-order DKE model, 
noted assumptions that are made for this problem, and described the solutions for perturbed ion 
distributions that are obtained in trapped and passing regions.  Flow is driven by ion density and 
temperature gradients, but the radial electric field appears implicitly—in practice it can be 
prescribed.  Jepson presented numerical convergence information for the collision term as the 
number of velocity-space bases are increase.  He also compared results from computations with 
different pitch-angle meshes: 1) uniform, 2) nonuniform to match the trapped-passing boundary 
(TPB) on the outboard side, and 3) nonuniform to match TPB, locally.  The third has the best 
convergence properties, but there is a nearly uniform 16% discrepancy with the analytical 
approximation over the minor radius. 
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Jacob King gave an update on modeling edge MHD activity in DIII-D.  It is this work that 
motivates the multi-species model that he discussed earlier: getting particle density and ion and 
electron temperature profiles to be consistent with EFIT data that includes impurity and beam 
particles is not possible, otherwise.  This has an appreciable impact on thermal speeds, hence 
collisionality and transport coefficients.  King also reviewed previous results on edge harmonic 
oscillation (EHO) and noted the evolution of profiles that result in nonlinear computations.  This 
evolution reduces the drive for the fluctuations, and moves the computations away from the 
measured profiles from experiment.  To address this, a new stiff transport model has been 
implemented for the core region. 
Ping Zhu presented his group's theoretical and computational work on response to resonant 
magnetic perturbation (RMP) and error fields.  He emphasized that previous theories have not 
covered the full range of outcomes between linear responses and nonlinear no-slip conditions.  
His group has recently developed theory for linear slab responses with time-dependent 
equilibrium flow in slab geometry.  They have derived solutions for the linear response in both 
the inertial (short time) and resistive-inertial (long time) regimes, and the steady state represents 
mode locking.  Turning to nonlinear evolution, Zhu reviewed analysis that solves a modified 
Rutherford equation assuming no-slip conditions.  His group has performed nonlinear NIMROD 
computations using a circular cross-section, large-R/a equilibrium.  Scans of plasma parameters 
and RMP amplitude do not show distinct responses in flow (k•u) at the resonant surface.  This is 
prompting development of nonlinear analysis that does not assume no-slip conditions at the 
island separatrix. 
Val Izzo presented her simulation-based study of shell pellet injection for disruption mitigation, 
which is being developed by GA.  The objective is to deliver the radiative impurity directly to 
the hot core of a tokamak, instead of through mixing from MHD, which results from edge 
cooling.  The concept has been tested on DIII-D with boron-filled pellets with diamond shells.  
Izzo's previous simulations did not consider the shell; impurity was just deposited in the core.  
Nonetheless, the results demonstrated prompt radiative energy loss, followed by rapid loss of RE 
tracers when flux surfaces broke from the inside out.  Her new computations model the pellet as 
moving at a fixed velocity with prescribed ablation rate.  The payload delivery rate is much 
larger than the shell-material delivery rate, and the first set of computations use the same 
material for both.  With 100% of the shell ablating by r/a=0.4, the resulting disruption looks like 
conventional mitigation.  However, with a reduced amount of shell ablation and payload delivery 
at r/a=0.2, the disruption is nearly ideal, i.e. inside out.  Izzo is investigating corresponding 
changes in the plasma-current spike and RE tracer confinement.  She is presently implementing 
capability for modeling different shell and payload materials. 
Eric Howell gave an update on his work to model seeding of neoclassical tearing modes (NTMs).  
He is using heuristic closure relations to damp poloidal flow and current.  His computations use 
an equilibrium for DIII-D discharge 174446.  Previous efforts to linearly destabilize tearing and 
with a tearing-like initial perturbation did not excite nonlinear growth, so he is now trying RMPs, 
instead.  He described mechanisms for tuning an RMP and a new diagnostic for the reconnecting 
response.  He showed the perturbed vacuum fields for different coil configurations and showed 
how the screening effects change with RMP rotation frequency.  Interestingly, the largest 
response is not at the Doppler frequency of the m=2, n=1 mode.  With the heuristic closure, the 
simulation shows a slowly decaying island, which is suggestive that growth may be achieved. 
Urvashi Gupta is studying magnetic relaxation in reversed-field pinches (RFPs) with the aim of 
developing self-consistent computations that reproduce the dynamo effect and energy transport 
in the presence of a pressure gradient.  She reviewed her previous computations that started from 
vacuum toroidal field with applied loop voltage and Ohmic heating in order to develop pinched 
states with a pressure profile.  She provided information on flow in quasi-single helicity 
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conditions for comparison with experimental results, but the density profiles that resulted are not 
representative of experiment.  She is now trying a new approach that prescribes a stabilized z-
pinch in cylindrical geometry for NIMROD's steady-state fields.  Besides being in force balance, 
the equilibrium is an Ohmic steady-state without pinch flow, and uniform temperature without 
heating implies that the steady state is self-consistent for all of the MHD equations.  The 
configuration is quite unstable to interchange, so Gupta starts with large magnetic Prandtl 
number (Pm) to help the computations through a violent initial relaxation.  The Pm value is 
reduced, later, when MHD activity is more consistent with tearing.  Initial results suggest that 
this approach is more robust, computationally, but more work is needed to achieve realistic final 
states. 
Jacob Maddox presented his study of energy conversion (magnetic to thermal) during plasmoid-
mediated reconnection with MHD modeling.  Fast 2D resistive-MHD reconnection via 
plasmoids has been established by Loureiro and co-workers.  Maddox also cited work by Strauss 
that treated tearing-mode turbulence, analytically, which motivates including hyper-resistive 
diffusion for the larger scales.  Hyper-resistivity has been implemented in NIMROD, and 
Maddox has been applying it in multi-scale 2D reconnection problems that transition from large-
scale tearing/island growth, to current-sheet formation, to fast plasmoid-mediated reconnection.  
Heating is only significant during the fast-reconnection phase, and with the parameters 
considered, hyper-resistivity does not preclude plasmoid formation, at least at intermediate 
scales.  New computations with larger initial current density but shorter length in the periodic 
direction have run to times where plasmoid generation ceases.  Maddox is applying the 
Topological Toolkit software to automate identification of plasmoids, which will help gather 
statistical information on them. 
Ethan Peterson presented his solar wind study, which applies laboratory experimentation to 
simulate the solar wind and numerical computation to simulate the experiment.  He noted that the 
Parker Solar Probe satellite is presently making observations much closer to the sun than any 
previous probe, and it will get to the region where the solar wind is magnetically dominated and 
not flow dominated.  Below this transition, the magnetic field is largely radial, whereas the 
Parker spiral forms outside it.  Peterson is simulating the physics of the solar wind in the Big Red 
Ball in the Physics Department.  Permanent magnetics suspended along the axis provide a dipole 
field, and applied potential relative to the shell induces radial current density, hence azimuthal 
forcing and rotation.  An equatorial current sheet develops from the resulting outward stretching 
of magnetic field.  In the experiment, the ion skin depth is near the device scale, so Hall physics 
has a dominant role.  Peterson has simulated 2D dynamics with NIMROD, and the Hall model 
produces a less-twisted spiral than MHD.  The 2D MHD configuration is stable, but the Hall 
configuration is not.  The computation emits plasmoid blobs at 15 kHz, which is close to the 
experiment's observations of plasmoid emission (mapped by flux measurements) at 20 kHz.  
Over non-trivial ranges for each, the laboratory and computed frequencies scale with the square 
root of the curvature drive, !𝑐#$ 𝜅 ∙ ∇𝑝 𝑝⁄ .  This work is the topic of Peterson's Nature Physics 
paper, which was published in April (https://www.nature.com/articles/s41567-019-0592-7). 
Torrin Bechtel gave an update on his study of stellarator beta limits in toroidal geometry.  He 
noted that his computations have been reproducing the loss of flux surfaces when the Shafranov 
shift is approximately 50%.  He has developed a diagnostic to compute effective perpendicular 
thermal diffusivity, dividing the net heat flux by the temperature gradient and using constant-
pressure contours to locate flux surfaces and flux-surface remnants.  Bechtel has compared the 
results with estimates of different forms of stochastic transport that are discussed in Krommes' 
1982 paper.  The simulation results seem to agree best with the collisional Rechester-Rosenbluth 
diffusivity, but the level of error varies as parameters are changed.  Bechtel has traced magnetic 



 6 

field-lines, and notes that their trajectories do not represent Brownian motion, which is assumed 
in the analytics. 
Colin Guilbault presented his recent work on a new stellarator project.  He is starting with a new 
initialization for cylindrical stellarator fields.  The magnetic field is described by a helically 
symmetric scalar magnetic potential.  After reviewing the formulation for the magnetic field 
components, Guilbault described the implementation for NIMSET.  He showed components of 
the resulting magnetic field for an l=1, Np=1 configuration and made comparison with results 
from a MATLAB script.  He also applied NIMFL to trace vacuum magnetic field-lines for l=1, 
2, 3, and 4 configurations.  Similar to Bechtel's toroidal geometry cases, and those of Mark 
Schlutt, Guilbault will run NIMROD computations with heating to investigate topology 
evolution. 


